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Abstract. This paper is to construct bivariant versions of algebraic if-theory. Un- 
stable, Morita stable and stable bivariant algebraic Kasparov if-theory spectra of 
fc-algebras are introduced. These are shown to be homotopy invariant, excisive in 
each variable isT-theories. We prove that the spectra represent universal unstable, 
Morita stable and stable bivariant homology theories respectively introduced by the 
author in [9]. Also, unstable, Morita stable and stable algebraic A'-theory spectra of k- 
algebras as well as their dual unstable, Morita stable and stable ii'-cohomology spectra 
are introduced. These are shown to be homotopy invariant, excisive A'-theories/ii'- 
cohomologies. It is proved that there is an isomorphism between stable _ft'-theory 
groups and homotopy algebraic Ji'-theory groups in the sense of Weibel [28j . 
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1. Introduction 



ii'-theory was originally discovered in the late 50-s in algebraic geometry. Thanks 
to works by Atiyah, Hirzebruch, Adams X-theory was firmly entrenched in topology 
in the 60-s. Along with topological ii'-theory mathematicians developed algebraic K- 
theory. After Atiyah-Singer's index theorem for elliptic operators X-theory penetrated 
into analysis and gave rise to operator i^T-theory. 

The development of operator iT-theory in the 70-s took place in a close contact with 
the theory of extensions of C*-algebras and prompted the creation of a new technical 
apparatus, the Kasparov i^T-theory [20]. The Kasparov bifunctor KK^..{A, B) combines 
Grothendieck's i('-theory Ktf{B) and its dual (contravariant) theory K*{A). The exis- 
tence of the product KK^:(A, D) ® KK^{D^ B) KK^:{A, B) makes the bifunctor into 
a very strong and flexible tool. 

One way of constructing an algebraic counterpart of the bifunctor KK^{A,B) with 
a similar biproduct and similar universal properties is to define a triangulated category 
whose objects are algebras. In 2005 the author [8] constructed various bivariant K- 
theories of algebras, but he did not study their universal properties. Motivated by ideas 
and work of J. Cuntz on bivariant X-theory of locally convex algebras [HEIE], universal 
algebraic bivariant X-theories were constructed by Cortifias-Thom in [3]. 

Developing ideas of [5] further, the author introduces and studies in [S] universal 
bivariant homology theories of algebras associated with various classes ^ of fibrations 
on an "admissible category of A;-algebras" 5ft. The construction of -0(3^,5^) is completely 
different from the construction of the category kk of Cortihas-Thom f^. In a certain 
sense [9] uses the same approach as in constructing ii^-theory of C*-algebras [11]. We 
start with a datum of an admissible category of algebras 3^ and a class 5^ of fibrations 
on it and then construct a universal algebraic bivariant ii'-theory j : — )• Z)(5ft, J) out 
of the datum (K, 5^) by inverting certain arrows which we call weak equivalences. The 
category D{^,^) is naturally triangulated. The most important cases in practice are 
the class of A:-linear split surjections ^ = S^gpi or the class ^ = S^surj of all surjective 
homomorphisms . 

If 1? = S^spi (respectively ^ = iJsurj) then j : — )• 5^) is called the unstable 

algebraic Kasparov X-theory (respectively unstable algebraic i?-theory) of 3^. It should 
be emphasized that [9] does not consider any matrix-invariance in general. This is 
caused by the fact that many interesting admissible categories of algebras deserving to 
be considered separately like that of all commutative ones are not closed under matrices. 



If we want to have matrix invariance, then [9| introduces matrices into the game and 
gets universal algebraic, excisive, homotopy invariant and "Morita invariant" (respec- 
tively "Moo-invariant") K-theories j : 3^ — > -D-mor(3^, 5^) (respectively j : K — )• Ds((K, 5^)). 
The triangulated category Dmor{^i^) (respectively Dst{^-,^)) is constructed out of 
D{^,^) just by "inverting matrices" M^A, n > 0, ^ € 5? (respectively by inverting 
the natural arrows A — )• M^oA with Moo A = U„M„A). We call -Dmor (3^?, i?spi) and 
-Dmor (5?, S^surj) (respectively Dsti^,^sp]) and -Dst(3?, 5'surj)) the Morita stable algebraic 
KK- and i?-theories (respectively the stable algebraic KK- and ^'-theories). A version 
of the Cortihas-Thom theorem ^ says that there is a natural isomorphism of Z-graded 
abelian groups (see [9]) 



Dst{^,d)*{k,A)^KH,{A) 



2 



where KH:f{A) is the Z-graded abehan group consisting of the homotopy X-theory 
groups in the sense of Weibel [28]. 

In this paper we deal only with the class of /c-linear split surjections J = S^spi- We 
represent unstable, Morita stable and stable algebraic Kasparov i^T-theories. Namely we 
introduce the "unstable, Morita stable and stable algebraic Kasparov X-theory spectra" 
i?) of /c-algebras A,B £ ^ where * € {unst,mor, st} and is an appropriate 
admissible category of algebras. It should be emphasized that the spectra do not use 
any realizations of categories and are defined by means of algebra homomorphisms only. 
This makes our constructions rather combinatorial. 

Theorem (Excision Theorem A for spectra). Let * € {unst,mor, st} . The assignment 
B I— )■ ]K*(j4, B) determines a functor 

K.*{A,1) : 3fJ^ {Spectra) 

which is homotopy invariant and excisive in the sense that for every ^-extension F 
B C the sequence 

K'iA, F) K*{A, B) K*{A, C) 
is a homotopy fibration of spectra. In particular, there is a long exact sequence of ahelian 
groups 

• • • ^ n+M, C) ^ F) ^ B) ^ C) ^ ■ ■ ■ 

for any i G Z. 

We also have the following 

Theorem (Excision Theorem B for spectra). Let -k G {unst^mor^st}. The assignment 
B ^ K*{B,D) determines a functor 

K*{?,D) : ^ (Spectra), 

which is excisive in the sense that for every '^-extension F ^ B C the sequence 

K*{C, D) K'iB, D) K*{F, D) 

is a homotopy fibration of spectra. In particular, there is a long exact sequence of ahelian 
groups 

• • • ^ Kt+i(F, D) ^ ]K*(C, D) ^ ]K^(i?, D) ^KUF,D)^--- 
for any i E Z. 

We also introduce the unstable (respectively Morita stable and stable) algebraic K- 
theory of an algebra A G 3?. It is the spectrum 

(respectively k™°''(^) = K"'''"'{k,A) and lk'**(yl) = K''*{k,A)). In turn, the unstable 
(respectively Morita stable and stable) algebraic iC-cohomology of an algebra A S K is 
the spectrum 

Knst{A)=K^'''\A,k) 

(respectively k^or{A) = K"'°''{A, k) and kst{A) = K'\A, k)). By Excision Theorems A- 
B the functor : 3^? ^ Spectra with ★ € {unst, mar, st} (respectively k^, : 3? — )• Spectra) 
determines a homotopy invariant, excisive ii'-theory of algebras (respectively homotopy 
invariant, excisive cohomology theory of algebras). 
The following result gives the desired representability. 
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Theorem (Comparison). Let -k £ {unst^mor, st}. Then for any algebras A,B(^^ 
there is an isomorphism ofL-graded ahelian groups 

functorial both in A and in B. 

We end up the paper by proving the fohowing 
Theorem. For any A € ^ there is a natural isomorphism of "Z-graded abelian groups 

kl\A)^KH,{A). 

The preceding theorem is an analog of the same result of i^X-theory saying that 
there is a natural isomorphism KK^:{C, A) = K^(A) for any C*-algebra A. 

One should stress that similar representability results for unstable, Morita stable and 
stable algebraic i?-theories are not established. This shall be done in another paper. 

Throughout the paper /c is a fixed commutative ring with unit and Alg^ is the category 
of non-unital /c-algebras and non-unital fc-homomorphisms. 

Organization of the paper. In Section [2] we fix some notation and terminology. We study 
simplicial algebras and simplicial sets of algebra homomorphisms associated with sim- 
plicial algebras there. In Section [3] we discuss extensions of algebras and classifying 
maps. Then comes Section U] in which Excision Theorem A is proved. We also formu- 
late Excision Theorem B in this section but its proof requires an additional material. 
The spectra K""'^*, k""''*, k^^st are introduced and studied in Section [5l In Section [6] we 
present necessary facts about model categories and Bousfield localization. This material 
is needed to prove Excision Theorem B. In Section [7] we study relations between simpli- 
cial and polynomial homotopies. As an application Comparison Theorem A is proved in 
the section. Comparison Theorem B is proved in Section [8l It says that the Hom-sets of 
D{yi,^) are represented by stable homotopy groups of spectra B)-s. The spec- 

tra IC*, IK™"^, k'^*, kst, k™"^, kmor are introduced and studied in Section [9l We also prove 
there Comparison Theorems for Z)'^*(3'?, J), D"^°'^ {^,^) and construct an isomorphism 
between stable X-theory groups of an algebra and its homotopy ii'-theory groups. 

Acknowledgements. The main results of the paper were first presented at the Algebraic 
Conference dedicated to the 60th birthday of my supervisor A. I. Generalov (St. Peters- 
burg, September 2009). His most stupid student would like to thank him for his endless 
patience and ability to work with stupid students. 

2. Preliminaries 
2.1. Algebraic homotopy 

Following Gersten |10] a category of fc-algebras without unit is admissible if it is a 
full subcategory of Algj, and 

(1) i? in / a (two-sided) ideal of R then / and R/I are in 

(2) if R is in then so is R[x], the polynomial algebra in one variable; 
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(3) given a cartesian square 



f 

B^C 

in Alg;. with A, B, C in then D is in 5?. 

One may abbreviate 1, 2, and 3 by saying that 3? is closed under operations of taking 
ideals, homomorphic images, polynomial extensions in a finite number of variables, and 
fibre products. For instance, the category of commutative /c-algebras CAlg^ is admissi- 
ble. 

Observe that every A;-module M can be regarded as a non-unital fc-algebra with trivial 
multiplication: mi ■ m2 = for all mi,m2 € M. Then Mod/c is an admissible category 
of /c-algebras. 

If R is an algebra then the polynomial algebra R[x] admits two homomorphisms onto 

R 

9° 

R[x] — r R 

where 

dl\R = lR, dl{x) = i, i = 0,l. 
Of course, dl{x) = 1 has to be understood in the sense that Sr„x" i— >• Sr„. 

Definition. Two homomorphisms Jq, fi : S —> R are elementary homotopic, written 
/o ~ /i) if there exists a homomorphism 

/ : 5 ^ R[x] 

such that d^f = /o and d^f = fi. A map / : 5* — t- i? is called an elementary homotopy 
equivalence if there is a map g : R ^ S such that fg and gf are elementary homotopic 
to idR and id^ respectively. 

For example, let A be a N-graded algebra, then the inclusion Aq ^ Ais an elementary 
homotopy equivalence. The homotopy inverse is given by the projection A ^ Aq. 
Indeed, the map A — > A[x] sending a homogeneous element an G An to a„i" is a 
homotopy between the composite A ^ Aq A and the identity idA- 

The relation "elementary homotopic" is reflexive and symmetric [10 1 p. 62] . One may 
take the transitive closure of this relation to get an equivalence relation (denoted by the 
symbol "~"). The set of equivalence classes of morphisms R S is written [R, S]. This 
equivalence relation will also be called polynomial or algebraic homotopy. 

Lemma 2.1 (Gersten [H]). Given morphisms in Alg^ 

such that g ~ g' , then gf ~ g' f and hg ~ hg' . 

Thus homotopy behaves well with respect to composition and we have category 
Hotalg, the homotopy category of k-algebras, whose objects are /c-algebras and such 
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that Hotalg{R, S) = [R, S]. The homotopy category of an admissible category of alge- 
bras K will be denoted by ^(K). Call a homomorphism s : A B an I -weak equivalence 
if its image in T-L(JR.) is an isomorphism. 
The diagram in Alg^ 

aAb Ac 

is a short exact sequence if / is injective (= Ker/ = 0), g is surjective, and the image 
of / is equal to the kernel of g. Thus / is a monomorphism in K and / = ker 51. 

Definition. An algebra R is contractihle if 1; that is, if there is a homomorphism 
f : R ^ R[x] such that 5°/ = and 9^/ = 1_r. 

For example, every square zero algebra A G ^^gk is contractible by means of the 
homotopy A — )• A[x], a € A ax £ A[x]. In particular, every /c-module, regarded as a 
fc-algebra with trivial multiplication, is contractible. 

Following Karoubi and Villamayor [19] we define ER, the path algebra on R, as the 

d° 

kernel of : R[x] — > R, so ER — R[x] R is a short exact sequence in Alg^. Also 
9^ : R[x] —7- R induces a surjection 

dl:ER^R 

and we define the loop algebra Oi? of R to be its kernel, so we have a short exact sequence 
in Algfc 

QR^ ER% R. 

We call it the loop extension of R. Clearly, ClR is the intersection of the kernels of 
and d^. By [TOl 3.3] ER is contractible for any algebra R. 

2.2. Simplicial algebras 

Let Ord denote the category of finite nonempty ordered sets and order-preserving maps, 
and for each n ^ we introduce the object [n] = {0 < 1 < • • • < n} of Ord. We let 
A" = Homord(— 1 M), so that lA"! is the standard n-simplex. In what follows the 
category of non-unital simplicial A;-algebras will be denoted by SimAlg^. 

Given a simplicial set X and a simplicial algebra j4,, we denote by A,{X) the simpli- 
cial algebra Map(X, A,) : [n] 1— ?> Hom§(X x A", A,). We note that all simplicial algebras 
must be fibrant simplicial sets. If A, is contractible then the axiom M7 for simplicial 
model categories (see [151 section 9.1.5]) implies that A,{X) is contractible. 

In what follows a unital simplicial A:-algebra A, is an object of SimAlg^ such that all 
structure maps are unital algebra homomorphisms. 

Proposition 2.2. Suppose A, is a unital simplicial k-algebra. Then the following state- 
ments are equivalent: 

(1) A, is contractible; 

(2) A, is connected; 

(3) there is an element t £ Ai such that do{t) = and di{t) = 1. 

Furthermore, if one of the equivalent assumptions is satisfied then every simplicial ideal 
I, C A, is contractible. 
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Proof. (1) (2), (2) ^ (3) are obvious. 

(3) (1). One can construct a homotopy / : x A, ^ A, from to 1 by defining, 
for each n ^ 0, the map /„ : x An — > An with the formula a) = ' ^- The 

same contraction applies to □ 

The main example of a simphcial algebra we shall work with is defined as 

: [n]^A^" := A[to, . . . ,tn]/ {I - Y,i^) {= A[h, . . . ,tn]), 

i 

where A G Alg;.. The face and degeneracy operators di : A[A"-] ^[A"^-*^] and Si : 
^[A"] A[A"-+^] are given by 

{tj (resp. tj), j < i 
(resp. tj + tj+i), j = i 
tj^i (resp. tj+i), i < j 

It follows that for a map a : [m] — ?> [n] in Ord the map a* : j4[A"] — > A [A™] takes each 
tj to Ea(i)=j Observe that A^ = A^k^. 

Note that the face maps do-i : ^[A-*^] — )• j4[A''] are isomorphic to d^'^ - Ait] A in 
the sense that the diagram 

df 

A[t] '—^ A 

A[Ai] ^^[AO] 

is commutative and the vertical maps are isomorpisms. Let A~^ := A(Bk as a group and 

(a, n){b, m) = {ab + ma + nb, nm). 

Then A'^ is a unital A;-algebra containing A as an ideal. (^4"*')^ has the element t = to 
in degree 1, which satisfies 5o(t) = and di{t) = 1. Thus, t is an edge which connects 
1 to 0, making {A'^)^ a unital connected simplicial algebra. By Proposition 12.21 A^ is 
contractible. 

We can enrich the category Alg^ over simplicial sets as follows (see [3]). We have a 
mapping space functor Hom^jg^ : (Alg^)°P x Alg^ — S, given by 

{A,B)^{[n]^RomM,,{AB^")). 

For A,B,C G Alg^, there is a simplicial map 

o : Homlig^ iB,C) x Hom^ig^ {A, B) ^ Hom^ig^ [A, C) (1) 

which satisfies the axioms for simplicial composition \14\ I.l], so that Alg^, equipped with 
these data becomes a simplicial category in the sense of loc.cit. To define ([T|) we use 
the multiplication map ii:k^®k^^ k^. If 5 G Hom(i?, C^") and / G Hom(74, B^"), 
then 

gof := {idc^fi){g^" o f). 
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Here 5^" is the map the functor (?)^" associates to g. Furthermore, for every A € Alg;., 
the functor Hom^ig^(?, A) : (Alg^)"? ^ S has a left adjoint A- : S ^ (Algfc)°P. If X G S, 

hm A^" 

n A- 

Here the first hmit is taken over the category of simphces of X ( [12. 1.2]) and the integral 
sign denotes an end jEH Ch IX, §5]. Observe that 

A^ = Hom§(X,A^). 

We have 

HomAig,(^,B^) = Hom§(X,Hom^ig^(A,5)). 

Remark (see 0]). We should mention that the exponential law is not satisfied; in 
general 

Therefore the axioms for a simplicial category in the sense of |12^ Def. 2.1] are not 
satisfied. The failure of the exponential law already occurs when K = and L = A"?. 
Indeed, 

{A^')^" = A^'^\ 

On the other hand x A'' is the amalgamated sum over A^^''^^ of {^^'^) copies of 
/\p+i?^ But since A'^ has a right adjoint, it maps colimits in S to colimits in (Alg^)°P, 
that is, to limits in Alg;,. In particular, ^4^''^^' is the fiber product over 

^A^'+^-i of 



i^'q'^) copies of A^''^'' . For example 

^A^xAi ^ ^A^UaiA^ = A^' X^^i A^' ^ A^\ 

The reason for this is that A^'' is really the ring of functions on the algebro-geometric 
affine space A^, and x A| = A^"*""^. Thus, with respect to products, affine spaces 
behave like cubes, not simplices. 

As above, for any simplicial algebra A, the functor HomAigj.(?, ^4,) : (Alg;.)"^ S 
has a left adjoint A,{?) = Hom§(X,^.) : S (Algfc)°P. We have 

HomAig,(S,^.(X)) = Hom§(X,HomAigjS,^.)). 

Note that if A, = A^ then A^{X) = A^ . 

Let be the category of pointed simplicial sets. For {K,-k) £ put 

A,{K,*) :=Hom§.((i^,*),^.) 

= ker(Homs(i^',^,) Hom§(*,^,)) 

= ker(^.(i^) ^A.). 

Proposition 2.3 (Cortinas-Thom ^). Let K be a finite simplicial set, ★ a vertex of 
K , and A a k-algebra. Then and k^^'*^ are free k-modules, and there are natural 
isomorphisms 

Proof. The proof is like that of [3l 3.1.3]. □ 
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2.3. Subdivision 

In order to describe an explicit fibrant replacement for the simplicial set HoniAigj. {A, B,) 
with S, a simplicial algebra, we should first define ind-algebras. In this paragraph we 
shall adhere to [3j. 

If C is a category, we write ind —C for the category of ind-objects of C. It has as 
objects the directed diagrams in C. An object in ind —C is described by a filtering 
partially ordered set (I, ^) and a functor X : I ^ C. The set of homomorphisms from 
{X, I) to (y, J) is 

limjg/ colimjg J Home (Xi ,Yj). 

We shall identify objects of C with constant ind-objects, so that we shall view C as a 
subcategory of ind— C. The category of ind-algebras over k will be denoted by Alg'^'^. 
If A = {AJ),B = {B, J) e Algjf<^ we put 

[A, B] = limj colimj Hom-^(Aigj(^i, Bj). 

Note that there is a natural map Hom^[gind(A, i?) [A,B]. Two homomorphisms 

f,g:A—^Bm Alg™'^ are called homotopic if they have the same image in i?]. 

Write sd : S — 7- S for the simplicial subdivision functor (see \12\ Ch. III. §4]). It comes 
with a natural transformation /i : sd — >■ ids, which is usually called the last vertex map. 
We have an inverse system 

sd'i^ : sd" K sd^K . sd^ET ^ ^d?K ^ . . .. 

We may regard sd* K as, a, pro-simplicial set, that is, as an ind-object in The ind- 
extension of the functor A,{1) : S°p — t- Alg^ with A, a simplicial algebra maps sd* K 
to 

A,{sd'K) = {^.(sd"i^) I n G Z^o}- 

If we fix K, we obtain a functor {l){sd* K) : SimAlg^ Alg™'^, which extends to 
(?)(sd'A') : SimAlgjf^ ^ Alg)?'^ in the usual manner explained above. In the special 
case when A, = ^4^, A G Alg;., the ind-algebra A^(sd* K) is denoted by A^^' ^ . 

Let A G Algfc,S, G SimAlgjf"^. The space of the preceding paragraph extends to 
ind-algebras by 

'H^omj^^^u.d{A, B.) := {[n] ^ Hom^igind(A, 

Let X be a finite simplicial set and B, G SimAlg^"*^. Denote by M,(K) the simplicial 
ind-algebra {[nj] ^ B,{sd''{K x A^))). If = * we write B. for ]B,(*). 
Similar to ^ 3.2.2] one can prove that there is a natural isomorphism 

Homs(i^,Hom^igind(^,]B.)) = Hom^igind(.4, 5.(sd' i^)), 
where A G Alg;j,i?, G SimAlg™'^ and is a finite simplicial set. 
Theorem 2.4 (Cortihas-Thom). Let A G Alg^, B, G SimAlgjf'^. Then 

Hom^lgind(^,]B,) = ^a;°°Hom^igh,d(A,B,)- 
In particular, Hom^[gi,id(A,B,) is fibrant. 

Proof. The proof is like that of [31 3.2.3]. □ 
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Proposition 2.5. Let A G Alg^, {B,,J) G SimAlg™'^, then 

HomAwnd(A,B.(i^)) = (Sx~HomAigind(A,S.))^. 

In particular, the left hand side is fibrant. 

Proof. The proof is like that of [3l 3.2.3]. 

Homs(A^HomAigind(^,]B.(i^)) = cohm^- HomAig,(A,5.j(sd"(i^ x A^)) 
= cohm„gz^„ cohmjgjHoms(sd"(i^ x A'^), HomAig^(A, 5,^)) 
= cohm„gz-j„ Horns (sd"(iir x A^), colimjgj HomAig^(^, B,j)) 
= cohm„ez^f, Homs(i^' x A^, Ex"- cohnijg j HomAig^^ (A, B,j)) 
= Hom§(i^ X A^^x°° Hom^igh.d(A,S,)). 

□ 

Corollary 2.6. Let ^ G Alg^r. and let K, L be finite simplicial sets, then 
Hom^igh.d(A,B,(K))^ = Hom^igh.d(A,B.(K x L)). 

Denote by B,(/) and B,(0) the simplicial ind-algebras M,{A^) and ker(B,(/) ' > 
B.) respectively We define inductively B. (I") := (B.(/"-i))^ B.(rj'^) := (B.(17"-i))(17). 
Clearly B,(/") = B.(Aix xA^) and B.(l^") is a simplicial ideal of B.(/") that 
consists in each degree £ of simplicial maps F : A^x ••• xA^ x A^ ^ B, such that 

^la(Aix"xAi)xA« ^ 

Corollary 2.7. Let A G Alg^, then 

HomAigind(^,B,(J7")) = n"(HomAigh.d(^,B,)), 
where Hom^jgind(^, B,) is based at zero. 

Proof. This is a consequence of Theorem 12.41 Proposition 12.51 and Corollarv 12.61 □ 
3. Extensions and Classifying Maps 

Throughout, we assume fixed an underlying category U, which is a full subcategory 
of Mod k. In what follows we denote by 5^ the class of fc-split surjective algebra homo- 
morphisms. We shall also refer to ^ as fibrations. 

Definition. An admissible category of algebras 5ft is said to be T-closed if we have a 
faithful forgetful functor F : ^ U and a left adjoint functor T : — >• K. Notice that 
the counit map r]A ■ T{A) := TF{A) ^ ^, ^ G 3?, is a fibration. 

We denote by 5R™*^ the category of ind-objects for an admissible category of algebras 
3?. If K is T-closed then TA, A G is defined in a natural way. 

Throughout this section 3? is supposed to be T-closed. 

Lemma 3.1. For every A G 9? the algebra TA is contractible, i.e. there is a contraction 
T : TA —7- Tj4[x] such that d^r = 0,d^T = 1. Moreover, the contraction is functorial in 
A. 
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Proof. Consider a map u : FT A — > FTA[x] sending an element b E FT A to bx E 
FTA[x]. If X E OhU then we denote the unit map X FTX by ix- The desired 
contraction r is uniquely determined by the map u o ipj^ : FA — > FTA[x]. By using 
elementary properties of adjoint functors, one can show that = 0, dlr = 1. □ 

Examples. (1) Let 3ft = Alg^. Given an algebra A, consider the algebraic tensor algebra 

TA = A® A(S) Ae e • • • 

with the usual product given by concatenation of tensors. In Cuntz's treatment of 
bivariant iiT-theory [H[5l[6], tensor algebras play a prominent role. 

There is a canonical fc-linear map A TA mapping A into the first direct summand. 
Every fc-linear map s : A ^ B into an algebra B induces a homomorphism 7^ : TA — )• B 
defined by 

7s(a;i (8) • • • (8) x„) = s{xi)s{x2) ■ ■ ■ 

5ft is plainly T-closed. 
(2) If 5? = CAlg;., then 

T{A) = Sym{A) = (Bn^iS'^A, S'^A = A^"/(ai • • • O a„ - a^(i) • • • ® a^(„)), 
the symmetric algebra of A, and 5? is T-closed. 



We have the natural extension of algebras 

^ JA^TA^ A^O. 

Here J A is defined as Kerr/^. Clearly, J A is functorial in A. This extension is universal 
in the sense that given any extension 

0^ C ^ B ^ A^O 

with a in ^, there exists a commutative diagram of extensions as follows. 

C ^B^^A 



l-A 



idA 



TiA) 



VA 



A 



J{A) 

Furthermore, ^ is unique up to elementary homotopy [3l 4.4.1] in the sense that if 
/3, 7 : A — 7- -B are two splittings to a then corresponding to /3 is elementary homotopic 
to corresponding to 7. Because of this, we shall abuse notation and refer to any such 
morphism ^ as the classifying map of the extension whenever we work with maps up to 
homotopy. 

The elementary homotopy -ff (/3, 7) : J{A) — )• C[x] is explicitly constructed as follows. 
Let 5 : B[x] — >■ A[x], biX^ ^ a{bi)x^, be the natural lift of a. Consider a fc-linear map 

u:A^B[x], a t-^ (3{a){l - x) + j{a)x. 

It is extended to an algebra homomorphism u : T{A) — )■ B[x]. One has a commutative 
diagram of algebras 

C[x] ^B[x]^^A[x] , 



J{A) 



■T{A) 



VA 



A 
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where i is the natural inclusion. It follows that H{f3,'j) is an elementary homotopy 
between and 

If we want to specify a particular choice of ^ corresponding to a splitting /? then we 
sometimes denote ^ by indicating the splitting. 
Also, if 



C 



B 



A 



f 



C 



B' 



A' 



is a commutative diagram of extensions, then there is a diagram 

«,8 



J{A) 
J{A') 



C 



/ 



c 



of classifying maps, which is commutative up to elementary homotopy (see [3^, 4.4.2]). 

The elementary homotopy can be constructed as follows. Let 5' : B'[x\ — > ^'[x], ^ i-^ 
a'{b[)x^ , be the natural lift of a' . Consider a A;-linear map 

v:A^B'[x\, a^hl5{a){l-x)+l3'g{a)x. 

It is extended to a ring homomorphism v : T{A) B[x]. One has a commutative 
diagram of algebras 



B'[x] 



■T{A) 



VA 



-A'[x] , 
-^A 



C'[x] 

G(/3,/3')' 

JiA) 

where l' : A' ^ A'[x] is the natural inclusion. It follows that G{(3,(3') is an elementary 
homotopy between /^^ and ipiJ{g). 

Let C be a small category and let 'R^ (respectively lA^) denote the category of C- 
diagrams in K (respectively in U). Then we can lift the functors F : ^ ^ U and 
T -.U ^ ^ to C-diagrams. We shall denote the functors by the same letters. So we have 
a faithful forgetful functor : 3?^ — >■ U'^ and a functor T : — >■ 3?'', which is left adjoint 
to F. The counit map tja ■ T{A) := TF{A) ^ A, A e 3?^, is a levelwise fibration. 

Definition. We shall say that a sequence of C-diagrams in 3? 

^ C ^ B A^ 

is a F -split extension or just an (^-Jextension if it is split exact in the abelian category 
(Mod A;)*" of C-diagrams of A;-modules. 



We have a natural extension of C-diagrams in 5ft 

^ JA^TA^ A^O. 
Here J A is defined as Kei:r]A- Clearly, J A is functorial in A. 
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Lemma 3.2. Given any extension O^C^B^A—^Oof C-diagrams in there 
exists a commutative diagram of extensions as follows. 



C 



B 



A 



A 



ji^A) T{A) ^ 

Furthermore, ^ is unique up to a natural elementary homotopy H{P,'y) : J A C[x], 
where /3,7 are two splittings of a. 



Proof. The proof is like that for algebras (see above) . 
Lemma 3.3. Let 



□ 



C 



B 



A 



f 



C 



B' 



A' 



he a commutative diagram of F -split extensions of C-diagrams with splittings P : A 
B, P' : A' B' . Then there is a diagram of classifying maps 



J{A) 
J{A') 



«/3 



c 



which is commutative up to a natural elementary homotopy G{l3,/3') : J A — )■ C"[x]. 
Proof. The proof is like that for algebras (see above). □ 
Lemma 3.4. Let 

A ^B^^C 



A' 



h _ 

B'^ 



C 



he a commutative diagram of F -split extensions of C-diagrams with splittings {v,v') : 
(C, C) — > (B, B') being such that {v, v') is a splitting to (n, u') in the category of arrows 
Ar{U'^), i.e. hv = v'g. Then the diagram of classifying maps 



J{C) 
J{C') 



A 



A' 



is commutative. 



Proof. If we regard h and (/ as {0 — t- 1} x C-diagrams and (u, u') as a map from h to 
g, then the commutative diagram of lemma is the classifying map corresponding to the 
splitting (t>,i;') of {0 — )■ 1} X C-diagrams. □ 
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4. The Excision Theorems 

Throughout this section 3? is assumed to be T-closed. Recall that is a contractible 
unital simplicial object in and t := to £ is a 1-simplex with 5o(i) = 0, di{t) = 1. 
Given an algebra B, the ind-algebra is defined as 

[m, I] ^ Homs(sd"^ 5^) = 5^'^'" ^\ 

UB = k then will be denoted by k^. B'^ can be regarded as a fe^-module, i.e. there 
is a simplicial map, induced by multiplication, 

B^xk"^^ B^. 

Similarly, B can be regarded k -ind-module. 

Given two algebras A, i? € K and n ^ 0, consider the simplicial set 

Hom^igind(J"^,B^(J7")) ^ Hom^igind(JM,B (g)fc k^(!^")). 

It follows from Proposition 12. 51 and Corollarv 12 . 71 that it is fibrant. B^(il"') is a simplicial 
ideal of the simplicial ind-algebra 

B^(/") = {[m,l] ^ Hom§(sd™(Aix •'• • xA^ x A^) ^ B^)). 

There is a commutative diagram of simplicial ind-algebras 

Y Y Y 

PM^ ^ B^ B^(/'^) 

with vertical arrows inclusions and the right lower map do applies to the last coordinate. 

We claim that the natural simplicial map di : PB^(0'^) ^ B^(0'^) has a natural 
fc-linear splitting. In fact, the splitting is induced by a natural A;-linear splitting v for 
di : PB'^(/") ^ B'^ Let t G Pk'^(I")o stand for the composite map 

sd-(Aix "t.i xAi) ^ sd- Ai ^ Ai 4 k^, 

where pr is the projection onto the (n + l)th direct factor A^. The element t can 
be regarded as a 1-simplex of the unital ind-algebra k^(I"') such that do{t) = and 
di{t) = 1. Let I : B^(/") (B^(/"))^' be the natural inclusion. Multiplication with 

t determines a /c-linear map B'^(/"+i) -4 PB^(/"). Now the desired /fc-hnear splitting 
is defined as 

V :=t ■ t. 

Consider a sequence of simplicial sets 

Hom^igind(A,B^) 4 Hom^igi„d(JA,B^(J7)) 4 • • • 4 Hom^igi„d(J''A,B^(f7'^)) 4 • • • 

(2) 

Each map <; is defined by means of the classifying map ^„ corresponding to the /c-linear 
splitting V. More precisely, if we consider B^(i7") as a (Z^o x A)-diagram in 3?, then 
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there is a commutative diagram of extensions for (Z^o x A)-diagrams 
For every element / G HomAigi^„d(J"^,B^(J)'^)) one sets: 



^(/) := o ^(/) e HomAwnd(J'^+i^,B^(0"+i)). 



Now consider an g^-extension in 3fJ 
For any n ^ one constructs a cartesian square of simphcial ind-algebras 



pr 



di 



We observe that the path space P{Pf{Q,"')) of Pf{Q"') is the fibre product of the diagram 

PB^(J^") PC^(0") ^ P(PC^(0")). 
Denote by P(P/(ri")) the fibre product of the diagram 



PB^(0") PC^(f^") A- 



P(PC^(0")). 



Given a simphcial set X, let 



be the automorphism swapping the two coordinates of x A^. If X = C^(f2"') then 
sw induces an automorphism 

sw : P(PC^(Q")) ^ P(PC^(Q")), 

denoted by the same letter. Notice that 

Pdi = o sw . 

Moreover, the commutative diagram 



piA(j^n) PC^(J1") P(PC^(fJ")) 



PB^(fi") PC^(Q'*) P(PC^(J2")) 
yields an isomorphism of simphcial sets 

P(P/(fi")) ^ P(P/(J^")). 

The natural simphcial map 

5 := (di,Pdi) : P(P/(0-)) ^ Py(Q-) 



15 



has a natural A;-lmear splitting r : P/(ri") — )■ P(P/(n")) defined as r = {v,Pv). 
So one can define a sequence of simplicial sets 



HomAigind(A,P/) ^ HomAigind(JA,P/(J^)) 



with each map i? defined by means of the classifying map corresponding to the /c-linear 
splitting r. 

There is a natural map of simplicial ind-algebras for any n ^ 



Proposition 4.1. For any n ^ there is a map of simplicial ind-algebras a : J(P/(J7"')) 
F^(fi""'"^) such that in the diagram 



j(0 



n+l^ 



aJ(i) = ^tJ{1') = i-^v, o,nd la is elementary homotopic to ^r- 

Proof. We want to construct a commutative diagram of extensions as follows. 



F^(fi"+i) ^ P(F^(fi")) w^in"") 

id 

F^(J^"+i) ^ P(B^(0")) P/(J^") 

id 

P/(o-+i) ppfin-) Pf{n-[ 



(3) 



Here tt is a natural map induced by (di : P(]B'^(J)")) -j- B^(J^"), P(/)). A splitting z/ 
to TT is constructed as follows. 

Let g : C ^ B,j : B ^ F he A;-linear splittings to / : B C and i : F ^ B 
respectively. So fg = Ic, ji = and ij + gf = 1b . Then the induced map of 
ind-algebras 
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is /c-linear. We define v as the composite mapEI 

Pfm 



X P(C^(rj")) ^"'^'^^ ^ P(B^(J1")) X P(B^(f]")) 



P(]B^(J7")). 

We have to define the map 9. For this construct a map of simplicial sets 

A : X ^ A\ 

We regard the simplicial set A^ as the nerve of the category {0 1}. Then A is obtained 
from the functor between categories 

{0^1}x{0^1}^{0^1}, (0,1), (1,0), (1,1) ^1,(0,0)^0. 



The induced map A* : B^(il 



induces a map of path spaces A* : 



PB^(J7") ^ P(PB^(J1")). The desired map 9 is defined by the map (lp(BA(f^n)), /A*). 
Our commutative diagram is constructed. 

Consider the following diagrams of classifying maps 



j(.) 



J(P/(Q")) ^^F^(17 



id 

n+l\ 



j{Pfm) 

id 



Since = z^'- then the left square is commutative by Lemma [331 because (df ,7r) yield 
a map of {0 ^ 1} x C-diagrams split by {v,^). Also Cr<^(i) = ^-S.v, because {df,d) yield 
a map of {0 ^ 1} x C-diagrams split by {v,t). The right square is commutative up to 
elementary homotopy by Lemma □ 

Definition. Given two fc-algebras ^, P G the unstable algebraic Kasparov K -theory 
of {A,B) is the space IC{^){A, B) defined as the (fibrant) space 

colim„ Hom,. ind(J"^,B^(J7")). 

Its homotopy groups will be denoted by ICn{^){A, B), n ^ 0. In what follows we shall 
often write IC{A, B) to denote the same space omitting from notation. 

Remark. The space /C(K)(j4,P) only depends on the endofunctor T : K — > 3?. \i A,B 
belong to another admissible category of algebras 5R' with the same endofunctor T, then 
/C(3?)(A,P) equals /C(5?')(^, P). 



^It is here where a problem of proving this proposition for the class 5surj of all surjective homomor- 
phisms occurs. More precisely, if / : _B C is a surjective homomorphism and a map g : C ^ B in 
the category of sets is such that fg — Ic, then g cannot be lifted to a map of simplicial sets C"^ — >■ 
in general. Only because of this difficulty spectra representing algebraic i5-theory are not constructed 
in this paper as it was claimed in the previous version. The problem for algebraic i5-theory requires a 
further machinery and will be fixed in another paper. 



17 



We call a functor T from 9? to simplicial sets or spectra homotopy invariant if for 
every B G ^ the natural map B — ?> B[x] induces a weak equivalence of simplicial sets 
T{B) ~ T{B[x]). 

Lemma 4.2. (1) For any n ^ the simplicial functor B i-^ Hom^jgind(A,B^(f2")) is 
homotopy invariant. In particular, the simplicial functor IC{ A,?) is homotopy invariant. 
(2) Given a ^-fibration f : B ^ C, let f[x] : B[x] — )■ C[x] be the fibration '^biX^ i— )• 
T/ien Pyj^](r2'^) = Pf(0,^)[x] and the natural map of simplicial sets 

HomAigi.d(A,Pj(17")) ^ HomAigind(yl,P^[,](17")) (4) 

is a homotopy equivalence for any n ^ and A G ?R.. 

Proof (1). By Theorem \2J\ Hom . ^^inn (A. M^) = Sx°°(HomAigJA, S^)). It is homo- 
topy invariant by [HI 3.2]. For any n ^ and ^ G 3? there is a commutative diagram of 
fibre sequences 

HomAigind(^,B^(f7"+')) HomAigind(A,PB^(n")) ^ HoniAjgjnd (yl, B'^(f7")) 

Hom^ig.nd(A,B[a;]^(!:!"+^)) ^ HomAigjnd(A, PB[a;]'^(t7")) ^ Hom^igj,,d (A, B 

By induction, if the right arrow is a weak equivalence, then so is the left one because 
the spaces in the middle are contractible. 

(2). The fact that = Pf{n'')[x] is straightforward. The map (g]) is the fibre 

product map corresponding to the commutative diagram 

HoniAig.nd ( A, B'^ ) ) ^ Hom^i .„d ( A, (fi" ) ) ^ HomAig.„d {A, PC^ (fi" ) ) 



Hom^ig.nd ( A, B [a;] ^ (fi" ) ) ^ HomAi^.^nd {A,C[x]^{^")) ^ Hom^ig.„d (A, PC[x]'^{n")). 

The left and the middle vertical arrows are weak equivalences by the first assertion. 
The right vertical arrow is a weak equivalence, because it is a map between contractible 
spaces. Since the right horizontal maps are fibrations, we conclude that the desired map 
is a weak equivalence. □ 

We are now in a position to prove the following result. 
Excision Theorem A. For any algebra A G K and any ^-extension in 3? 

F ^B 

the induced sequence of spaces 

IC{A, F) IC{A, B) 1C{A, C) 
is a homotopy fibre sequence. 

Proof. We have constructed above a sequence of simplicial sets 

Hom^l ind(A,Py) A Hom^i ind(Jyl,P/(J7)) A • • • 
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with each map "d defined by means of the classifying map corresponding to the /s-hnear 
splitting T. Let X denote its colimit. One has a homotopy cartesian square 



X 



pr 

}C{A,B) 



P)C{A,C) ~ * 

di 



By Proposition 14.11 for any n ^ there is a diagram 

Hom^i i„d(J"^,F^(J7")) ^ HomAi„ind(J"+M,F^(J7"+i)) 



Hom^igi„d(J"A, Pf{Q^)) Hom^igind(J"+M, Pf{n^+')) 

with <^{u) = S,v ° J{u), 'd{v) = ° J{v)-, a{v) = a o J(v). Proposition 14.11 also implies 
that ai = = 'di and that there exists a map 



H : HomAigind(JM,P/(17")) ^ HomAigh.d(J"+M, P/(f^"+^)[x]) 

such that d^H = ia and dl.H = -d. 
One has a commutative diagram 



HomAigi„a(J"+M,PHf^"+')W)- 

By Lemma[12^2) i is a weak equivalence. We see that Hom^[gmd(J""'""^^, P/(r2""'"^)[x]) 
is a path object of Hom^[gind( J""''^A, Pj(r2"''"^)) in S. Since all spaces in question are 
fibrant, we conclude that ia is simplicially homotopic to and hence TTs{ia) = iTs{'d), 
s ^ 0. Therefore the induced homomorphisms 

are isomorphisms, and hence l : IC{A, F) ^ X is a weak equivalence. 
Since the vertical arrows in the commutative diagram 



PfC{A,F) 



ICiA,C) 



X 



pr 



IC{A,B) 



■JCiA,C) 



lCiA,F) 



)C{A,B) 



are weak equivalences and the upper square is homotopy cartesian, then so is the lower 
one (see ^ 13.3.13]) 

}C{A, F) )C{A, B) K{A, C) 
is a homotopy fibre sequence. The theorem is proved. □ 
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Corollary 4.3. For any algebras A,B €z ^ the space ^IIC{A, B) is naturally homotopy 
equivalent to IC{A,QB). 

Proof. Consider the extension 

nB ^ EB ^ B 

which gives rise to a homotopy fibre sequence 

IC{A, riB) IC{A, EB) }C{A, B) 

by Excision Theorem A. Our assertion would fohow if we showed that /C(j4, EB) were 
contractible. 

Since EB is contractible, then there is an algebraic homotopy h : EB — EB[x\ 
contracting EB. There is also a commutative diagram 

HomAig,„d(J"yl,EB(n")) ^^^HomAig.„d(J"yl,EB(n")) x YLom^^^^^{r A,m{Q.'')) 

HoniAigind ( J" yl , EB [x] (!^" ) ) . 

By Lemma l4.2l fl) i is a weak equivalence. We see that Hom*, ind(J"^, EB[x]($7")) is a 
path object of Hom^[gind( J^A, EIB(f]")) in S, and hence the induced map 

K : HomAigmd(J"yl,EB(r?")) ^ Hom^igind(J"^,EB[x](r?")) 

is such that d\h,, = id is homotopic to d\h^ = const. Thus Hom^jgind( J"^, EB(ri"')) is 
contractible, and hence so is JC{A, EB). □ 

We have proved that the simplicial functor IC{A,B) is excisive in the second argument. 
It turns out that it is also excisive in the first argument. 

Excision Theorem B. For any algebra D E and any ^-extension in 3fJ 

F ^B 

the induced sequence of spaces 

IC{C, D) JC{B, D) JC{F, D) 
is a homotopy fibre sequence. 

The proof of this theorem is technically more involved and requires some machinery. 
We shall use recent techniques and results from homotopical algebra (both stable and 
unstable). The proof is on page [38l 

5. The spectrum W''\A,B) 

Throughout this section 3? is assumed to be T-closed. 

Theorem 5.1. Let A,B ^ 3?; then there is a natural isomorphism of simplicial sets 

IC{A,B) ^ niC{JA,B). 

In particular, IC{A, B) is an infinite loop space with IC{A, B) simplicially isomorphic to 
J7"/C(J"yl,S). 
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Proof. For any n € N there is a commutative diagram 



''i,B'^(n") 



''i,PB^{n"-J-) 



''i,B^(n"-i) 



A|'nn-l^ 



The definition of the natural splitting v to the lower right arrow is naturally lifted to a 
natural splitting ly := Pv for the upper right arrow in such a way that di o = v o di. 
It follows from Lemma 13.41 that the corresponding diagram of the classifying maps 



J(rfi) 



is commutative. There is also a commutative diagram for every n ^ 1 



Y 

sw 



sw oPi 



with i,j natural inclusions and sw permuting the last two coordinates. One has a 
commutative diagram of classifying maps 



JB^(0") 



Therefore all squares of the diagram 



niC{JA,B) 
PK.{JA, B) 
IC{JA,B) : 



HomAi„.nd(J"A,B^(rj")) 



■ HomAi„.nd ( J"+iA, B^(J7"+i)) 



-^HomAi„ind(J"A,B^(f7"-i)) ^HomAWnd(J"+iA,B'^(f^")) - 
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are commutative. The desired isomorphism IC{A,B) = QIC{JA,B) is encoded by the 
following commutative diagram: 

HomAjgind(.4,]B^) - 



Hom^igh.d(JA,B^(J7)) ^Hom^igh.d(j2^,B^(172)) ^ 



HomAigh.d(JA,]B^(Sl)) HomAigh.d(JM,]B^(0^)) Rom^^^n4J'^A,M^{n^)) 



(21) 



(321) 



HomAigind(JA,B^(17))'^ HomAigind(j2^,B^(02)) i^!!^ HomAigind(j3A, B^(173)) 

The colimit of the upper sequence is }C{A, B) and the colimit of the lower one is 
VlK:{JA, B). The cycle (n • • • 21) G Sn permutes coordinates of B^(0"). □ 

Corollary 5.2. For any algebras A,B G ^ the space IC{A,B) is naturally homotopy 
equivalent to IC{JA,QB). 

Proof. This follows from the preceding theorem and Corollary 14.31 □ 

Definition. Given two /c-algebras j4, i? € 3^, the unstable algebraic Kasparov KK -theory 
spectrum of {A, B) consists of the sequence of spaces 

K{A, B),IC{JA, B),}C{J^A, B),... 

together with isomorphisms /C( J"^, B) = Q,IC{J"'~^^ A, B) constructed in Theorem 15.11 
It forms an ri-spectrum which we also denote by K""''*(yl, B). Its homotopy groups will 
be denoted by Kl'^'^A, B),neZ. We sometimes write K{A, B) instead of W^'^A, B), 
dropping "unst" from notation. 

Observe that KniA, B) ^ /C„(A,S) for any n ^ and Kn{A,B) ^ /Co(J""^,5) for 
any n < 0. 

Theorem 5.3. The assignment B i— B) determines a functor 

K{A, ?) : K ^ {Spectra) 

which is homotopy invariant and excisive in the sense that for every ^-extension F — )• 
B ^ C the sequence 

K{A, F) K{A, B) K{A, C) 

is a homotopy fibration of spectra. In particular, there is a long exact sequence of abelian 
groups 

> Ki+i{A, C) Ki{A, F) Ki{A, B) lCi(A, C) ^ • • • 

for any i G Z. 

Proof. This follows from Excision Theorem A. □ 

We also have the following 
Theorem 5.4. The assignment B ^ ]K(B,D) determines a functor 

K{?,D) : K°P ^ (Spectra), 
which is excisive in the sense that for every ^-extension F ^ B ^ C the sequence 

]K(C, D) K{B, D) K{F, D) 
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is a homotopy fibration of spectra. In particular, there is a long exact sequence of abelian 
groups 

yK,+i{F,D) ^K,{C,D) ^K,{B,D) ^Ki{F,D) ^ ••• 

for any i E Z. 

Proof. We postpone the proof till subsection 16.61 □ 

The reader may have observed that we do not involve any matrices in the definition 
oi IC{A, B) as any sort of algebraic JC-theory does. This is one of important differences 
with usual views on algebraic ii'-theory. The author is motivated by the fact that many 
interesting admissible categories of algebras deserving to be considered like that of all 
commutative ones are not closed under matrices. All of this causes the following 

Definition. (1) Let be a T-closed admissible category of A:-algebras. The unstable or 
dematricize^ algebraic K-theory of an algebra ^ G K is the spectrum 

k""^*(^) =K{k,A). 

Its homotopy groups are denoted by k'^^^*{A), n G Z. 

(2) The unstable algebraic K-cohomology of an algebra ^4 G is the spectrum 

Knst{A)=¥.{A,k). 

Its homotopy groups are denoted by k"^^j(^), n G Z. 

Theorems 15.31 15.41 and 16.111 imply the following 

Theorem 5.5. (1) The assignment A i— > Ik""**(^) determines a functor 

Ik™"*(?) : K ^ {Spectra) 

which is homotopy invariant and excisive in the sense that for every ^-extension F — )• 
B ^ C the sequence 

is a homotopy fibration of spectra. In particular, there is a long exact sequence of abelian 
groups 

> kr+f (C) ^ kr'*(i^) ^ k™"*(S) ^ k™"*(C) ^ • • • 

for any i ^TL. 

(2) The assignment A i— > kunst{A) determines a contravariant functor 

k«„st(?) : K (Spectra) 

which is homotopy invariant and excisive in the sense that for every ^-extension F — )• 
B ^ C the sequence 

(B)^ (F) 

is a homotopy fibration of spectra. In particular, there is a long exact sequence of abelian 
groups 

• • • ^ KttiF) ^ KnstiC) ^ KnstiB) ^ KnstiF) ^ ' ' ' 

for any i G Z. 



^Many thanks to Jeff Giansiracusa for suggesting the term "dematricized" . 
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At the end of the paper we shall introduce matrices into the game resulting at "Morita 
stable" and "stable /C-theory spectra" k"^°^'{A) and k^^{A) respectively. These spectra 
are obtained from k*"^^*(A) "by inverting matrices". We shall prove that there is an 
isomorphism of Z-graded abelian groups 

K\A) ^ KH^A), 

where the right hand size is homotopy algebraic ii'-theory in the sense of Weibel |28j . 
All these remarks justify in particular the term "dematricized X-theory" (I would also 
call lk""''*(A) the "K-theory without matrices"). 

6. Homotopy theory of algebras 

Let 3ft be a small admissible category of rings. In order to prove Excision Theorem B, 
we have to develop some machinery and use results from homotopy theory of rings. We 
mostly adhere to [S] . 

6.1. The category of simplicial functors 

We shall use the model category [/3ft of covariant functors from 3ft to simplicial sets (and 
not contravariant functors as usual). We do not worry about set theoretic issues here, 
because we assume 3ft to be small. We consider both the injective and projective model 
structures on [/3ft. Both model structures are Quillen equivalent. These are proper, 
simplicial, cellular model category structures with weak equivalences and cofibrations 
(respectively fibrations) being defined objectwise, and fibrations (respectively cofibra- 
tions) being those maps having the right (respectively left) lifting property with respect 
to trivial cofibrations (respectively trivial fibrations). The fully faithful contravariant 
functor 

r:3ft^[/3ft, A^Rom^{A,-), 
where rA{B) = ilom^{A, B) is to be thought of as the constant simplicial set for any 
S € 3ft. 

The injective model structure on [/3ft enjoys the following properties (see Dugger [71 
p. 21]): 

o every object is cofibrant; 

o being fibrant implies being objectwise fibrant, but is stronger (there are addi- 
tional diagramatic conditions involving maps being fibrations, etc.); 

o any object which is constant in the simplicial direction is fibrant. 
If F G [/3ft then U^{rA x A", F) = Fn{A) (isomorphism of sets). Hence, if we look at 
simplicial mapping spaces we find 

Map(r^,F) = F{A) 

(isomorphism of simplicial sets) . This is a kind of "simplicial Yoneda Lemma" . 
The class of projective cofibrations is generated by the set 

lu^ = {rA X (aA" C A")}"^o 

indexed by A G 3ft. Likewise, the class of acyclic projective cofibrations is generated by 

Ju^ ^ {rA X (A^ C A-)}«|0^„. 

The projective model structure on [/3ft enjoys the following properties: 
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o projective cofibration is an injection; 

o if A G 5ft and K is a simplicial set, then rA x K is a projective cofibrant simplicial 

functor. In particular, rA is projective cofibrant for every algebra A E 5ft; 
o rA is projective fibrant for every algebra A G 5ft. 

6.2. Bousfield localization 

Recall from [15] that if is a model category and 5* a set of maps between cofibrant 
objects, we shall produce a new model structure on M in which the maps S are weak 
equivalences. The new model structure is called the Bousfield localization or just local- 
ization of the old one. Since all model categories we shall consider are simplicial one 
can use the simplicial mapping object instead of the homotopy function complex for the 
localization theory of M. 

Definition. Let 7V4 be a simplicial model category and let be a set of maps between 
cofibrant objects. 

(1) An S-local object of is a fibrant object X such that for every map A ^ B 
in S, the induced map of Map(i?,X) — > Map(y4,X) is a weak equivalence of 
simplicial sets. 

(2) An S-local equivalence is a map A ^ B such that Map(i?, X) — ?> Map(A, X) is 
a weak equivalence for every S'-local object X. 

In words, the S-local objects are the ones which see every map in S as if it were 
a weak equivalence. The S-local equivalences are those maps which are seen as weak 
equivalences by every S'-local object. 

Theorem 6.1 (Hirschhorn [15j). Let A4 be a cellular, simplicial model category and let 
S be a set of maps between cofibrant objects. Then there exists a new model structure 
on Ai in which 

(1) the weak equivalences are the S-local equivalences; 

(2) the cofibrations in Ai/S are the same as those in Ai; 

(3) the fibrations are the maps having the right-lifting-property with respect to cofi- 
brations which are also S-local equivalences. 

Left Quillen functors from Ai/S to "D are in one to one correspondence with left Quillen 
functors ^ : A4. ^ T> such that ^(/) is a weak equivalence for all f £ S. Ln addition, 
the fibrant objects of Ai are precisely the S-local objects, and this new model structure 
is again cellular and simplicial. 

The model category whose existence is guaranteed by the above theorem is called 
S -localization of Ai. The underlying category is the same as that of Ai, but there are 
more trivial cofibrations (and hence fewer fibrations). We sometimes use Ai/S to denote 
the S-localization. 

Note that the identity maps yield a Quillen pair ^ 7V4/S, where the left Quillen 
functor is the map id : ^ A^/S. 

6.3. The model category f/Jft/ 

Let / = {i = iA '■ i^i^it]) r{A) | A G 5ft}, where each is induced by the natural 
homomorphism i : A ^ ^[t]- Consider the injective model structure on C/K. We shall 
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refer to the /-local equivalences as (injective) /-weak equivalences. The resulting model 
category U^/I will be denoted by and its homotopy category is denoted by Ho/(K). 
Notice that any homotopy invariant functor /^ : 3? — )• Sets is an /-local object in 
(hence fibrant in U^j). 

Let F he a functor from K to simplicial sets. There is a singular functor Sing^, (F) 
which is defined at each algebra R as the diagonal of the bisimplicial set F{R^). Thus 
Sing^{F) is also a functor from K to simplicial sets. If we consider /? as a constant 
simplicial algebra, then the natural map R R^ yields a natural transformation F 
Sing^{F). It is an /-trivial cofibration by [8i 3.8]. 

Let /? € 3? and let B* denote the cosimplicial functor r(B^). It is unaugmentable in 
the sense that the natural map 

induced by dQ,di : B^^ — )• i? is an injection. The realization functor \ ■ |b* associated 
with B* is defined similar to the realization functor of Morel- Voevodsky |22t p. 90] (see 
also Jardine [18, p. 542]). Precisely, it is a coequalizer 

]J ^„ X B"^ ^ ]J Af„ X B" ^ I^Ib- 

in the category C/K. Here a runs over the morphisms of A and the two parallel maps 
on the factor associated to a : [m] — )• [n] are respectively 

Xn X B" ;f™ X B"^ ^ ]J a; X B" 

n 

X B™ ^ XnXB"" ^Yl^nX B". 

n 

Since the maps 

r{B^") ^ r{B^") x A" ^ x A" 

are /-weak equivalences, we can show similar to [18\ B.l] that there are natural /-weak 
equivalences corresponding to realizations associated with unaugmentable cosimplicial 
objects B',rB X A and B* x A 

I'^'Ib* ^ I'^'Ib'xA ^ l^lrBxA = \X X rB\A = X xrB. 

It can be shown similar to |22^ 3.10] and |18t B.l] that | • |b« preserves cofibrations. 
One sees easily that there is an isomorphism 

|A"|b. =r(i3^"). (5) 

There are also isomorphisms for any simplicial set K 

|/^|b« — colima:A"^i<- IA'^Ib* = colima:A"^ft'?'(-B^"), (6) 

where the colimit is indexed over the simplex category of K. We see that there is a 
zig-zag of /-weak equivalences, functorial both in K and B, 

colimQ,;A"-j^K r(5^") ^ I/^Ib-xA X K. 

We want to have the property that li K \s a. finite simplicial set then r{B^) has the 
homotopy type of |/t']B*- Precisely, we want to turn a natural map 

colim„:A-^i^ r-(S^") ^ r{B^) 
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into a weak equivalence. For that we have to introduce a new model category structure, 
but first we should also mention a model structure on which is Quillen equivalent 
to U^i. 

Let I = {i = lA '■ T^{-A.[t\) — )• r[A) \ A £ K}. Consider the projective model structure 
on U^. We shall refer to the /-local equivalences (respectively fibrations in the I- 
localized model structure) as projective /-weak equivalences (respectively /-projective 
fibrations). The resulting model category U^/I will be denoted by C/K^. It is shown 
similar to \23\ 3.49] that the classes of injective and projective /-weak equivalences 
coincide. Hence the identity functor on is a Quillen equivalence between and 

The model category satisfies some finiteness conditions. 

Definition ([17J). An object A of a model category A4 is finitely presentable if the set- 
valued Hom-functor Hom_v((A, — ) commutes with all colimits of sequences Xq Xi 
X2 — )■ • • • . A cofibrantly generated model category with generating sets of cofibrations 
/ and trivial cofibrations J is called finitely generated if the domains and codomains 
of / and J are finitely presentable, and almost finitely generated if the domains and 
codomains of / are finitely presentable and there exists a set of trivial cofibrations J' 
with finitely presentable domains and codomains such that a map with fibrant codomain 
is a fibration if and only if it has the right lifting property with respect to J'. 

Using the simplicial mapping cylinder we may factor the morphism 

r{A[t]) ^rA 

into a projective cofibration composed with a simplicial homotopy equivalence 

r{A[t]) ^ cyl(r(^[t]) rA) ^ rA. (7) 

Observe that the maps in ([7]) are /-weak equivalences. 
Let J^/sR/ denote the set of pushout product maps from 

r{A[t]) X A" ]J cyl{r{A[t]) rA) x ^A" ^ cyl(r(^[t]) ^ rA) x A*" 

r(A[t])xdA" 

indexed by n ^ and A £ 

Let A be a set of generating trivial cofibrations for the injective model structure on 
C/K. Using |15l 4.2.4] a simplicial functor X is /-local in the injective (respectively 
projective) model structure if and only if it has the right lifting property with respect to 
A U Jfj^i (respectively Juy^ U Ju^i)- It follows from [171 4.2] that VSt^ is almost finitely 
generated, because domains and codomains of JjjiR U Ju^i are finitely presentable. 

6.4. The model category U^j 

Let us introduce the class of excisive functors on 3?. They look like fiasque presheaves 
on a site defined by a cd-structure in the sense of Voevodsky [JH section 3] . 
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Definition. Let 3? be an admissible category of algebras. A simplicial functor X G 
is called excisive with respect to ^ if for any cartesian square in 3? 

D 

with / a fibration (call such squares distinguished) the square of simplicial sets 

X{D) ^X{A) 

X{B) ^X{C) 

is a homotopy pullback square. In the case of the degenerate square, that is the square 
with only one entry, 0, in the upper left-hand corner, the latter condition has to be 
understood in the sense that A'(O) is weakly equivalent to the homotopy pullback of 
the empty diagram and is contractible. It immediately follows from the definition that 
every pointed excisive object takes 5^-extensions in 3f? to homotopy fibre sequences of 
simplicial sets. 

Consider the injective model structure on VR. Let a denote a distinguished square 
in K 

D ^A 

B 

and denote the pushout of the diagram 

rC rA 

rB 

by P{a). Notice that the obtained diagram is homotopy pushout. There is a natural 
map P{a) — )• rZ), and both objects are cofibrant. In the case of the degenerate square 
this map has to be understood as the map from the initial object to rO. 
We can localize t/K at the family of maps 

J = {P{a) rD I a is a distinguished square}. 

The corresponding J-localization will be denoted by U?R. j. The weak equivalences (triv- 
ial cofibrations) of VStj will be referred to as (injective) J- weak equivalences ((injective) 
J-trivial cofibrations). 

It follows that the square "r(a)" 

rC rA 

rB ^ rD 

with a a distinguished square is a homotopy pushout square in A simplicial 

functor X in is J- local if and only if it is fibrant and excisive [51 4.3]. 
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We are also interested in constructing sets of generating acyclic cofibrations for model 
structures. Let us apply the simplicial mapping cylinder construction cyl to distin- 
guished squares and form the pushouts: 



rC 



cyl(rC rA) 



rA 



rB 



cyl(rC rA) rB 



rD 



Note that rC — t- cyl(rC — > rA) is both an injective and a projective cofibration be- 
tween (projective) cofibrant simplicial functors. Thus s{a) = cyl(rC — > rA)W^^^rB is 
(projective) cofibrant }161 1.11.1]. For the same reasons, applying the simplicial map- 



It is directly verified that a simplicial functor X is J-local if and only if it has the 
right lifting property with respect to A U Jjj^°'\ where A is a set of generating trivial 
cofibrations for the injective model structure on 

If one localizes the projective model structure on U?R. with respect to the set of pro- 
jective cofibrations {cyl(a)}Q,, the resulting model category shall be denoted by U^"^ . 
The weak equivalences (trivial cofibrations) of U^"^ will be referred to as projective 
J- weak equivalences (projective J-trivial cofibrations). As above, X is fibrant in U^'^ 
if and only if it has the right lifting property with respect to Jj/jf U J^^"'' ■ Since both 

domains and codomains in J{/5{ U JjJ^"'^ are finitely presentable then is almost 

finitely generated by [T71 4.2]. 

It can be shown similar to \1?>\ 3.49] that the classes of injective and projective J- 
weak equivalences coincide. Hence the identity functor on is a Quillen equivalence 
between U^j and 

6.5. The model category U^ij 

Definition. A simplicial functor X G ?7K is called quasi-fibrant with respect to ^ if it 
is homotopy invariant and excisive. For instance, if K is T-closed and A £ ^ then the 
simplicial functor IC{A,?) is quasi-fibrant by Lemma 14.21 and Excision Theorem A. 

Consider the injective model structure on The model category U?R.jj is, by 

definition, the Bousfield localization of with respect to I U J. Equivalently, U^jj 
is the Bousfield localization of C/K with respect to {cyl(r(A[f]) — )• rA)} U {cyl(a)}, 
where A runs over the objects from K and a runs over the distinguished squares. The 
weak equivalences (trivial cofibrations) of U^i^j will be referred to as (injective) (/, J)- 
weak equivalences ((injective) (/, J)-trivial cofibrations). By [HI 4.5] a simplicial functor 
X € is (/, J)-local if and only if it is fibrant, homotopy invariant and excisive. 

Let K he a simplicial set and let B € ^. Recall that 




we get a projective 



B = limQ:A"— B 



29 



We have a natural map of simplicial functors 

}<B,K ■ colim A" ^i^r (5^") r{B^). 

Proposition 6.2. Let K he a finite simplicial set. Then the map >cb,k is a J-weak 
equivalence, functorial in B and in K . 

Proof. The map >iB,A" is an isomorphism by ([5]) and ([6]). We shall prove by induction 
on dimK that if K is finite then >cb,k is a J-weak equivalence. If dimK = this is 
clear. Let n > and assume the assertion true for all finite simplicial sets of dimension 
n. If K is finite and dimK = n + 1 we have a cocartesian square 



K 



where I is a finite set. We then have a cocartesian square on realizations 



U/IA 



n+l I 



\K\n' 



Ui\dA 



n+l\ 



\sk''K\n'. 



Applying the functor we get a cartesian square 



B 



K 



B 



sk"K 



Both vertical arrows are surjective by |3l 3.1.2]. The proof of [3, 3.1.3] shows that the 
vertical arrows are fc-linear split. Hence the square 



r(B 



r{B 



sk"K\ 



is homotopy pushout in V^j with vertical arrows cofibrations. Consider the following 
commutative diagram 



A" + l ^ 



r(B 



U,|A"+1|b.- 



n+l I 
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The left vertical arrow is a J- weak equivalence by [H 4.2]. The front vertical arrows 
are J-weak equivalences by induction hypothesis. Since | ■ |b* preserves cofibrations, the 
lower left and right arrows are cofibrations. It follows from [12, II. 9. 8] that 

is a J-weak equivalence, and hence so is the map 

\K\b' ^riB^"), 

because the upper square is homotopy pushout in U?R.j. □ 

Corollary 6.3. Let K be a finite simplicial set and B £ Then there is a zigzag of 
(I, J) -weak equivalences, functorial in B and in K , 

rB xK ^ |i^|B«xA ^ |i^|B« ^ r{B^). 

Proof. The left two arrows are /-weak equivalences (see above) and the right arrow is a 
J-weak equivalence by the preceding proposition. □ 

We are now in a position to prove the following 

Theorem 6.4. For any (J, J)-local simplicial functor X , any finite simplicial set K and 
any S € K there is a zigzag of homotopy equivalences of simplicial sets 

X{Bf ^ Map(|i^|B.xA,^) ^ Mapdi^le-,^) ^ 

Moreover, these are functorial in B and in K . In particular, X{B)^ has the homotopy 
type of X{B^). 

Proof. Since X is (J, J)-local the functor Map(?, X) takes (J, J)-weak equivalences to 
homotopy equivalences of simplicial sets. Our statement follows from Corllarv 16.31 if we 
observe that Map(r5 y.K,X) = X{B)^ and Map(r(S^), A") = X{B^). □ 

Definition. Following [5] a homomorphism ^ — )• i? in K is said to be a ^-quasi- 
isomorphism or just a quasi-isomorphism if the map rB — )• rA is an (I, J)-weak equiva- 
lence. We call it a JC- equivalence if for every algebra D £ ^ the induced map }C{D, A) — )• 
JC{D, B) is a homotopy equivalence of spaces. 

The following statement says that the functor : S — )• i? € takes weak 
equivalences of finite simplicial sets to quasi-isomorphisms. It is a consequence of The- 
orem ElU 

Corollary 6.5. Let f : K ^ L he a weak equivalence of finite simplicial sets and let X 
he a (/, J)-local object. Then for every S € K the induced map of simplicial sets 

is a homotopy equivalence. In particular, the homomorphism B^ — t- B^ is a quasi- 
isomorphism, which is a JC- equivalence whenever 3? is T-closed. 

Consider now the projective model structure on C/K. The model category U^^'"^ is, 
by definition, the Bousfield localization of U?R. with respect to {cyl(r(74[t]) — > rA)} U 
{cyl(a)}, where A runs over the objects from K and a runs over the distinguished 
squares. The weak equivalences (trivial cofibrations) of U^^'"^ will be referred to as 
projective (I, J)-weak equivalences (projective (J, J)-trivial cofibrations). Similar to [SJ 
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4.5] a simplicial functor X G is fibrant in U^^'^ if and only if it is projective fibrant, 
homotopy invariant and excisive or, equivalently, it has the right lifting property with 
respect to Jc/rU Jj/sr^U J^^^°\ Since both domains and codomains in Ju'R^Ju^i^JiJ^'^^ 
are finitely presentable then U^^''^ is almost finitely generated by [17, 4.2]. 

It can be shown similar to |23l 3.49] that the classes of injective and projective (/, J)- 
weak equivalences coincide. Hence the identity functor on C/K is a Quillen equivalence 
between and C/3f?^'^. 

It is straightforward to show that the results for the model structures on {7K have 
analogs for the category f/K, of pointed simplicial functors (see [S]). In order to prove 
Excision Theorem B, we have to consider a model category of spectra for U^i'"^ . 



6.6. The category of spectra 

In this section we assume ^ to be small and T-closed. We use here ideas and work of 
Hovey [17 1, Jardine [18] and Schwede [25]. 

Definition. The category SpiJR.) of spectra consists of sequences 8 = {Sn)n^o of pointed 
simplicial functors equipped with structure maps : £n+i where S = S"^ A — 

is the suspension functor. A map f : £ J- of spectra consists of compatible maps of 
pointed simplicial functors fn-£n^ J~n in the sense that the diagrams 



'^'-'Ti '-"n-\ 



/n-t 

n+1 



commute for all n ^ 0. 



Example. The main spectrum we shall work with is as follows. Let ^ € 3? and let TZ{A) 
be the spectrum which is defined at every 5 € 3? as the sequence of spaces pointed at 
zero 

Hom^lgind(A,B^)3om^lgh.d(J^,B'^)3om^lgind(j2^,]B^), . . . 
By Theorem 12.41 each TZ{A)n{B) is a fibrant simplicial set and by Corollarv 12.71 

n''TZ{A)n{B) = HomAigind(J"A,B^(0'=)). 

Each structure map (T„ : S7^(A)„ — >■ TZ{A)n+i is defined at B as adjoint to the map 
? : HomAigh.d(J"^,B^) ^ Hom^igind(J"+U,B^(f7)) constructed in 

A map / : £" ^ is a level weak equivalence (respectively fibration) if fn- £n ^ J^n is 
a (/, J)-weak equivalence (respectively projective (/, J)-fibration). And / is a projective 
cofibration if /o and the maps 

^n+l \ls£„ ^ n+1 

are cofibrations in C/K^''^ for all n ^ 0. By [T71 [181 [25] we have: 

Proposition 6.6. The level weak equivalences, projective cofibrations and level fihrations 
furnish a simplicial and left proper model structure on Sp{'SV} . We call this the projective 
model structure. 
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The Bousfield-Priedlander category of spectra [T] will be denoted by Sp. There is a 
functor 

Sp Sp{^) 

that takes a spectrum of pointed simplicial sets £ to the constant spectrum ^4 G 3? i-^ 
£{A) = £. For any algebra D ^'Sl there is also a functor 

Ud ■■ Sp{^) ^ Sp, X^X{D). 

Given a spectrum £ G Sp and a pointed simplicial functor there is a spectrum 
£ l\K with {£ A K)n = £n ^ K and having structure maps of the form 

A ^ A K A 

Given G the functor Fd : Sp — )• S'p(K), £" i-^' f A is left adjoint to Ud ■ 

Sp{^) Sp. So there is an isomorphism 

Hom5p(5f)(f A rD+, X) ^ Homsp(^, X{D)). (8) 

Our next objective is to define the stable model structure. We define the fake sus- 
pension functor S : Sp{^) — )• Sp{^) by (S2^)n = S2„ and structure maps 

where cj„ is a structure map of Z. Note that the fake suspension functor is left adjoint 
to the fake loops functor : Sp{^) — ?> Sp{^) defined by {Q,^Z)n = and structure 
maps adjoint to 

^Zn -^^^ il{Q.Zn+l), 

where ct„ is adjoint to the structure map (T„ of Z. 

Definition. A spectrum Z is stably fibrant if it is level fibrant and all the adjoints 
: Zn — )• 0,Zn+i of its structure maps are (/, J)-weak equivalences. 

Example. Given A G K, the spectrum ]K(j4, — ) consists of the sequence of simplicial 
functors 

/c(A-),/c(JA-),/c(j2 A, -),... 

together with isomorphisms /C( J"A, — ) = 0/C( J""*"^j4, — ) constructed in Theorem 15. 1[ 
Lemma 14.21 and Excision Theorem A imply — ) is a stably fibrant spectrum. Note 
that 'K{A, B) is stably fibrant in Sp for every i? G 3^?. 

The stably fibrant spectra determine the stable weak equivalences of spectra. Stable 
fibrations are maps having the right lifting property with respect to all maps which are 
projective cofibrations and stable weak equivalences. 

Definition. A map / : f — )• J-" of spectra is a stable weak equivalence if for every stably 
fibrant Z taking a cofibrant replacement Qf: Q£ — > QJ- of / in the projective model 
structure on Sp{?fi) yields a weak equivalence of pointed simplicial sets 

Map5p(gf{)(Q/, Z) : Map5p(sR) (QT", Z) ^ Mapsp(n){Q£, Z). 

By specializing the collection of results in [25] to our setting we have: 

Theorem 6.7. The classes of stable weak equivalences and projective cofibrations define 
a simplicial and left proper model structure on SpiJR.) . 
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If we define the stable model category structure on ordinary spectra Sp similar to 
S'p(K), then by [IT, 3.5] it coincides with the stable model structure of Bousfield- 
Friedlander [Ij. 

Define the shift functors t : Sp{^) — )• S'p(K) and s : SpiJR.) — > SpiJR) by {sX)n = Xn+i 
and {tX)n = Xn-i, {tX)^ = pt, with the evident structure maps. Note that t is left 
adjoint to s. 

Definition. Define & : Sp{^) Sp(JR) to be the functor s o fi^, where s is the shift 
functor. Then we have a natural map lx '■ X QX, and we define 



Q'^x = coiim(;f ^ex^ e'x • • • e^x 

Let j;:^ : X Q°^X denote the obvious natural transformation. It is a stable equivalence 
by m 4.11]. 

Example. Given ^4 € K, there is a natural map of spectra 

>€:n{A) -^K{A,-). 

One has a commutative diagram 

TZ{A) — ^ e°°7^(A) 

IEC(^,-) — Le'^KiA,-). 

The upper horizontal map is a stable equivalence, the lower and right arrows are iso- 
morphisms. Therefore the natural map of spectra x : 'JZ{A) — )■ M.{A, — ) is a stable 
equivalence. In fact for any algebra B €z ?R. the map 

:TZ{A){B) ^K{A,B) 

is a stable equivalence of ordinary spectra. 

By [13 4.6] we get the following result because ) preserves sequential colimits 
and the model category U^i''^ is almost finitely generated. 

Lemma 6.8. The stabilization of every level fihrant spectrum is stably fibrant. 

Lemma 6.9. For any D €z "Si the adjoint functors Fo : Sp Sp{^) : Uo form a 
Quillen adjunction between the stable model category of Bousfield-Friedlander spectra 
Sp and the stable model category Sp{W}. 

Proof. Clearly, Fd preserves stable cofibrations. To show that Fd preserves stable trivial 
cofibrations, it is enough to observe that Ud preservers stable fibrant spectra (see the 
proof of da 3.5]) and use ([HD. □ 

We are now in a position to prove the main result of this section. 

Theorem 6.10. Suppose F ^ B C is a ^-extension in 5R. Then the commutative 
square of spectra 

1C(C,-) 



pt ^ ]fC(F, ■ 
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is homotopy pushout and homotopy pullhack in Sp{^). Moreover, if D ^ then the 
square of ordinary spectra 

K{C,D) ^K{B,D) 

pt ^ K{F, D) 

is homotopy pushout and homotopy pullhack. 
Proof. Given a distinguished square a 

D 

B 

in 5R, the square ra+ 

rC-4- ^ rAj^ 

rS-i- rD-|_ 

is homotopy pushout in U^i''^ . 

We claim that there is a J-weak equivalence of pointed simplicial functors rA^ — >■ rA 
for any algebra A G 9?. The object rA is a cofibre product of the diagram 

pt -It- rO+ — 7> rA^, 

in which the right arrow is an injective cofibration. It follows that for every pointed 
fibrant object X in U^j^, the sequence of simplicial sets 

Mapu^,{rA,X) ^ XiA) ^ A:{0) 

is a homotopy fibre sequence with <Y(0) contractible. Hence the left arrow is a weak 
equivalence of simplicial sets, and so the map of pointed simplicial functors rA^ rA 
is a J-weak equivalence. Using [151 13.5.9] the square ra with a as above 

rC ^ rA 

vB ^ rD 

is homotopy pushout in U'^i''^ . 

Given an algebra A G K and n ^ 0, there is an /-weak equivalence of simplicial 
functors pointed at zero ijr^A ■ r{J"'A) Sing{r[J^ A)). By Theorem 12.41 

n{A)n = Ex°° o Sing{r{rA)). 

Since the map 

^y-.JA^ Q.A, 
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which is functorial in A, is a quasi-isomorphism, then the square 



(9) 



pt 



r{J'^F) 



is weakly equivalent to the homotopy pushout square in WR, 

r(S7"C) ^r(17"B) 



I, J 



By [151 13.5.9] square 
that 



pt ^ r(l^"F) 

is then homotopy pushout in U^i'"^ . Also, [15^ 13.5.9] implies 

5m5(r( J"C)) ^ Sing{r{rB)) 



pt ■ 



Sing{r{rF)) 



is homotopy pushout in V^i'^ , and hence so is 



pt 



We see that the square of spectra 



(10) 



pt ■ 



n{F) 



is level pushout. We can find a projective cofibration of spectra l : TZ{C) — )• X and a 
level weak equivalence s : X ^ T^i^) such that u = si. Consider a pushout square 

7^(C) X 



pt- 



y. 



It is homotopy pushout in the projective model structure of spectra, and hence it is 
levelwise homotopy pushout in ?7Ki'"^. Therefore the induced map y — )• TZ{F) is a level 
weak equivalence, and so pUj) is homotopy pushout in the projective model structure of 
spectra by [13 13.5.9]. 
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Since the vertical arrows in the commutative diagram 



pt ; 



pt ; 



K{C,-) 



-) 



K{B, 



1Z{F) 



n{C) 



■R{B) 



are stable weak equivalences and the lower square is homotopy pushout in the stable 
model structure of spectra, then so is the upper square by [15, 13.5.9]. By [T71 3.9; 
10.3] Sp{^) is a stable model category with respect to the stable model structure, and 
therefore the square of the theorem is also homotopy pullback by [16', 7.1.12]. 
It follows from Lemma 16.91 that the square of simplicial spectra 



]K(C, D) 



pt- 



K{B,D) 



■ K{F, D) 



is homotopy pullback for all D G K. It is also homotopy pushout in the stable model 
category of Bousfield-Priedlander spectra by [16, 7.1.12], because this model structure 
is stable. □ 

It is also useful to have the following 

Theorem 6.11. Suppose u : A ^ B is a quasi-isomorphism in Then the induced 
map of spectra 

u* : K{B,-) K{A,-) 
is a stable equivalence in Sp{^) . In particular, the map of spaces 

u* : IC{B,C) IC{A,C) 
is a homotopy equivalence for all C € 
Proof. Consider the square in 



rB 



rA 



n{B)o^n{A)o. 

The upper arrow is an (/, J)-weak equivalence, the vertical maps are /-weak equiva- 
lences. Therefore the lower arrow is an (I, J)-weak equivalence. Since the endofunctor 
J : 5ft — )■ K respects quasi-isomorphisms, then 

u* : n{B) n{A) 

is a level weak equivalence of spectra. 
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Consider the square in Sp{^) 



n{B) — '^^■R{A) 
' • y 

-). 

The upper arrow is a level weak equivalence, the vertical maps are stable weak equiva- 
lences. Therefore the lower arrow is a stable weak equivalence. 

The map — ) — ) is a weak equivalence in the projective model structure 

on because both spectra are stably fibrant and levelwise fibrant in . It 

follows that the map of spaces 

u* ■ JC{B,C) 1C{A,C) 
is a homotopy equivalence for all C G □ 

We can now prove Excision Theorem B. 

Proof of Excision Theorem B. Let K be an arbitrary admissible T-closed category of 
fe-algebras. We have to prove that the square of spaces 

1C{C,D) ^IC{B,D) 



pt ^ /C(F, D) 

is homotopy pullback for any extension F ^ B ^ C in ^ and any algebra Z? G 3?. 

A subtle difference with what we have defined for spectra is that we do not assume 
K to be small. So to apply Theorem 16.101 one has to find a small admissible T-closed 
category of /j-algebras containing F, B, C, D. 

We can inductively construct such a category as follows. Let Kg be the full subcategory 
of K such that Oh% = {F,B,C,D}. If the full subcategory ^'^ of n ^ 0, is 
constructed we define ^'n+i by adding the following algebras to 

> all ideals and quotient algebras of algebras from 

> all algebras which are pullbacks for diagrams 

E ^ L 

with A,E,L€'St'^; 

> all polynomial algebras in one variable A[x] with A G 

> aU algebras TA with ^ G K^. 

Then we set = U^.^ 5?^. Clearly 5?' is a small admissible T-closed category of algebras 
containing F,B,C,D. It remains to apply Theorem 16. 101 □ 

We can now also prove Theorem 15. 4[ 
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Proof of Theorem \5.4\ Let be an arbitrary admissible T-closed category of /c-algebras. 
We have to prove that the square of spectra 



K{C,D) ^K{B,D) 

pt ^ K{F, D) 

is homotopy pullback for any extension F ^ B ^ C m.'^ and any algebra € 3?. 

To apply Theorem 16.101 one has to find a small admissible T-closed category of k- 
algebras 5ft' containing F, B,C, D. Such a category is constructed in the proof of Excision 
Theorem B. □ 

Corollary 6.12. Let 5ft be an admissible T-closed category of k- algebras. Then for every 
yl, € 5ft the spectrum ]K( J^, i?) has homotopy type ofTiM.{A,B). 

Proof. We have an extension J A ^ TA Am which TA is contractible by Lemma [3 .11 
Hence 'K{TA, i?) ~ * by Theorem 16.111 (as above one can choose a small admissible T- 
closed category of algebras such that all considered algebras belong to it). Now our 
assertion follows from Excision Theorem B. □ 



7. Comparison Theorem A 

In this section we prove a couple of technical (but important!) results giving a rela- 
tion between simplicial and polynomial homotopy for algebra homomorphisms. As an 
application, we prove Comparison Theorem A. Throughout 5ft is supposed to be T-closed. 

7.1. Categories of fibrant objects 

Definition. Let ^ be a category with finite products and a final object e. Assume that 
A has two distinguished classes of maps, called weak equivalences and fibrations. A map 
is called a trivial fibration if it is both a weak equivalence and a fibration. We define a 
path space for an object B to be an object B^ together with maps 

B^B' BxB, 

where s is a weak equivalence, {do, di) is a fibration, and the composite is the diagonal 
map. 

Following Brown [2], we call A a category of fibrant objects or a Brown category if the 
following axioms are satisfied. 

(A) Let / and g be maps such that gf is defined. If two of /, g, gf are weak 
equivalences then so is the third. Any isomorphism is a weak equivalence. 

(B) The composite of two fibrations is a fibration. Any isomorphism is a fibration. 

(C) Given a diagram 

A^C^ B, 

with V a fibration (respectively a trivial fibration), the pullback A Xc B exists and the 
map A Xq B ^ A is a fibration (respectively a trivial fibration) . 

(D) For any object B in A there exists at least one path space B^ (not necessarily 
functorial in B). 

(E) For any object B the map i? — )• e is a fibration. 



39 



7.2. The Hauptlemma 

Every map u in K can be factored u = pi, where p G 5^ is a fibration and i is an /-weak 
equivalence OE]. We call a homomorphism an I -trivial fibration if it is both a fibration 

and an /-weak equivalence. We denote by /", n ^ 0, the simplicial set A^x xA^ 
and by 6^, 5^ : ^ /"+^ the maps 1/n x (f , l/n x whose images are /" x {1}, /" x {0} 
respectively. 

Let SUmin be the minimal class of weak equivalences containing the homomorphisms 
A A[t\, j4 G such that the triple (5?, 5^, SUmin) is a Brown category. We should 
mention that every excisive, homotopy invariant simplicial functor A" : 3fJ — )• SSets gives 
rise to a class of weak equivalences SIT containing the homomorphisms A ^ A[t\, A ^ 
such that the triple (5^,5,211) is a Brown category (see [8]). Precisely, 213 consists of 
those homomorphisms / for which X{f) is a weak equivalence of simplicial sets. 

We shall denote by /?®", n ^ 0, the ind-algebra 

consisting of the 0-simplices of the simplicial ind-algebra B(r2"). So we have for any 
A; ^ 0: 

/?r=Ker(/?«<^'^"^/?^'l'(^^")). 

One also sets 

bT = Ker(/?^^"^"^' ^ ^sd'=(9/"x/))^ 

Hauptlemma. Let A, /? G then for any m,n ^ we have: 

(1) If f : A ^ 2Jsd™A"+i Q homomorphism, then the homomorphism dif is alge- 
braically homotopic to djf with i,j ^ n + 1. 

(2) If f : A ^ ^sd™ g homomorphism, then the homomorphism dof is alge- 
braically homotopic to dif, where dQ,di : i^'^d'^/^+i _^ ^sd™/" induced by 
6^,6^. Moreover, if the composition A B^^ ^"^^ B^'^ di"xi zero, then 
so are the compositions A H 5^^™/" ^ ^sd-97"^^ ^ ^sd-/" ^ ^sd™9/"_ 

(3) ///o,/i : ^ ^ B^'^ ^" (respectively /o,/i : A B^ ) are two algebraically 
homotopic homomorphisms by means of a map h:A^ (5sd™/")sd'^Ai (respec- 
tively h: A^ [B^'^T'^ ^ ), then there are a homomorphism g : A' ^ A, which 
is a fibre product of an I-trivial fibration along h, and hence g G SHmin; CLnd 
a homomorphism H : A' ^ ^sd'"/"+i (respectively H : A' ^ ) such that 
doH = fog and diH = fig. 

The Hauptlemma essentially says that the condition for homomorphisms of being 
simplicially homotopic implies that of being polynomially homotopic. The converse is 
true up to multiplication with some maps from SUniin* 

Proof. (1). Define a homomorphism ipij : B[to, . . . ,tn+i\ /?^"[x] as 



tk, k < i 

xtk + {I - x)tk-i, i<k<j (11) 

(l-x)ij_i, k = j 

tk-i, k> j 
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It takes 1 - J2"=o U to zero, and hence one obtains a homomorphism (pij : B — > 
It follows that for any h G 

( dih, X = 0, 

We see that dia is elementary homotopic to dja for any a : A ^ ^A"+i j£ ^jjgj-e is no 
likelihood of confTision wc shall denote this homotopy by (pij omitting a. 

Now consider the algebra ^sd'=A"+i^ k ^ 1. By definition, it is the fiber product 
over B^'^ of ((n + 2)!)^ copies of S^" . Let a : A ^ B^'^ ^" be a homomorphism 
of algebras. A polynomial homotopy from dia to dja can be arranged as follows. We 
pick up the barycenter of dja and pull it towards the barycenter of a. This operation 
consists of finitely many polynomial homotopies. Next wc pull the vertex i towards the 
vertex j. Again we have finitely many elementary polynomial homotopies. Finally, we 
pull the barycenter of a towards the barycenter of dia, resulting the desired polynomial 
homotopy. Each step of the polynomial homotopy is determined by homotopies of the 
form (fi^i+i. 

Let us illustrate the algorithm by considering for simplicity the case a : A ^ B^'^ ^ . 



1 




{12} {012} 




^ {02} ^ 2 

The picture says that 

d2a = (0 ^ {01} ^ 1) ~ (0 ^ {012} A 1) ~ (0 ^ {012} ^ {12}) ~ 
~ (0 ^ {012} ^ 2) ~ (0 ^ {02} <^2) = dia. 
All steps are described by poset maps. 
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Another example is for a homomorphism a : A ^ B^^^ . Consider a tetrahedron 
labeled with 0,1,2,3 



3 




The polynomial homotopy from 820: to is encoded by the following poset maps 
associated with sd^ A^: 

o the vertex {013} is mapped to {0123}; 

o the vertices {13} and {03} are mapped to {123} and {023} respectively; 
o the vertex 3 is mapped to {23}; 
o the vertex {23} is mapped to 2; 

o the vertices {123} and {023} are mapped to {12} and {02} respectively; 
o finally, the vertex {0123} is mapped to {012}. 

(2). The cube 1"-+^ is glued out of (ra+l)! simplices of dimension n+1. Its vertices can 
be labeled with (n + l)-tuples of numbers which equal either zero or one. The number 
of vertices equals 2"+^. A homomorphism a : A ^ B^""^^ is glued out of {n + 1)! 
homomorphisms ai : A ^ B^"^ . The desired algebraic homotopy from d^a, whose set 
of vertices V^oa consists of those (n + l)-tuples whose last coordinate equals 1, to dia, 
whose set of vertices Vd^a consists of those (n + 1) -tuples whose last coordinate equals 
0, in the following way. We first construct an algebraic homotopy Hq from /o := d^a 
to a homomorphism fi:A^ B^" whose set of vertices Vi equals (V^„q; \ {00 . . . 01}) U 
{00 ... 0}. In other word, we pull {00 . . . 01} towards {00 ... 0}. The number of (n + 1)- 
simplices having vertices from V^ga U {00 . . . 0} equals n\. Let S be the set of such 
simplices. li Oi : A ^ B'^"^ is in S, then the result is an algebraic homotopy 930,1 
defined in (1) from doUi to diai. The homotopy Hq at each a^, i ^ n!, is (fo^i- Next one 
constructs an algebraic homotopy Hi from /i to a homomorphism /2 : ^ — > B^" whose 
set of vertices V2 equals {Vi \ {10 . . . 01}) U {10 . . . 0}. In other word, we pull {10 . . . 01} 
towards {10 . . . 0}. The homotopy Hi at each simplex is cither (/?i^2 or id. One repeats 
this procedure 2" times. The last step is to pull (11 . . . 11) towards (11 . . . 10) resulting 
a polynomial homotopy -^2"-! which is (pn,n+i at each simplex. Clearly, if there are 
boundary conditions as in (2) then the algebraic homotopy behaves on the boundary in 
a consistent way. 

In the case a : A ^ ^sd™ /"+^ , m > 0, the desired polynomial homotopy is constructed 
in a similar way (we should also use the proof of (1)). 



42 



Let us illustrate the algorithm by considering for simplicity the case a : A ^ B . 
Such a map is glued out of six homomorphisms ai : A ^ B^^ , i = 1, . . . ,6. 



Ill 




The desired algebraic homotopy from doa to d^a is arranged as follows. We first pull 
(001) towards (000) resulting a polynomial homotopy Hq from doa, which is labeled 
by {(001), (101), (Oil), (111)}, to the square labeled by {(000), (101), (Oil), (111)}. This 
step is a result of the algebraic homotopy (/Jq,! described in (1) corresponding to two glued 
tetrahedra having vertices {(000), (001), (Oil), (111)} and {(000), (001), (101), (111)} re- 
spectively. So Ho = {ipo,i,ipo,i)- Next we pull (101) towards (100) resulting a poly- 
nomial homotopy Hi from the square labeled by {(000), (101), (Oil), (111)} to the 
square labeled by {(000), (100), (Oil), (111)}. So Hi = (991,2, id). The next step is 
to puh (Oil) towards (010) resulting a polynomial homotopy H2 from the square la- 
beled by {(000), (100), (Oil), (111)} to the square labeled by {(000), (100), (010), (111)}. 
So H2 = (id, (^1,2). And finally one pulls (111) towards (110) resulting a polynomial ho- 
motopy i?3 from the square labeled by {(000), (100), (010), (111)} to the square labeled 
by {(000), (100), (010), (110)}. In this case H3 = ((^2,3, <^2,3)- 
(3) We first want to prove the following statement. 

Hauptsublemma. B^'^"^^"^^ (respectively B^ ) is a path space for B^*^"^ ^" (respectively 
B^ ) in the Brown category (5R, 5^, 21Jmin)- 

Proof. By (2) the maps 

do,di:B'^"''"^' ^B'"""'" 

are algebraically homotopic, hence equal in the category 'H(^). 
The map 

{do,di) : B'""''''^' ^ B'^""'" X S^'i'"^" 
is a A;-linear split homomorphism, hence a fibration. A splitting is defined as 
(5i, 62) G S^^"""" X S^d-/" ^ ,(5^) • (1 - t) + ^(52) • t G B^d-7"+i^ 
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is defined on page [Hand i : M^{r) (B^(/"))^' is the natural 



where t G /c 
inclusion. There is a commutative diagram 



B 



diag 



5 



sd™ 



where s is induced by projection of 1"-+^ onto /" which forgets the last coordinate. To 
show that B^'^ ^" is a path space, we shall check that s is an /-weak equivalence. We 
have that dgs = id. We want to check that sdo is algebraically homotopic to id. 
In the proof of Proposition 14.11 we have constructed a simplicial map 

X:I^^I. 

It induces a simplicial homotopy between sdo ai^d id 

By (2) these are algebraically homotopic. We conclude that s,do are J- weak equiva- 
lences, and hence so is di. The statement for -B®" is verified in a similar way. □ 

The algebra B' := {B^'^ i"yd -g another path object of B^'^ and so there is a 
commutative diagram 



B 



diag 




X B 



sd™- 



«„<) 



where s is an /-weak equivalence and (dg, d'^) is a fibration. Let X be the fibre product 
for 



B 



Then (s, s') induce a unique map q : B 
We can factor q as 



sd™ /" 



(^^0.4) 



X such that pri oq = s and o q = s'. 



where s" is an /-weak equivalence and p is a fibration. It follows that u := pr2 o p and 
V := pri op are /-trivial fibrations, because vs" = s, us" = s' . It follows that the algebra 
B" is a path object of B'^'^ and so there is a commutative diagram 



B 



diag 




with (dQ, d'/) := (lio) ^^i) o v = (d^, d[) o u. 
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Now let us consider a commutative diagram 



A' 



A- 



B" 



m jn+1 



B' 



id'oA) 



B 



(d(),a!i) 



with the left square cartesian. The desired homomorphism H : A' ^ B^'^"' ^"^^ is then 
defined as vh'. The homomorphism H : A' ^ 5®" is constructed in a similar way. □ 

The proof of the Hauptlemma also applies to showing that for any homomorphism h : 
A B^'i'"^'^^^" the induced maps doh, dih : A ^ ^sd™ A" ^^^^ algebraically homotopic. 
If m = then the homotopy is constructed in n steps similar to that described above 
for cubes /" (each step is obtained by applying the polynomial homotopy ^ij). 

We can use the homotopy to describe explicitly a polynomial contraction of an algebra 
B'^" to B. Precisely, consider the maps s : B ^ B"^" , 6 : B^" — t- B induced by the 
unique map [n] — >■ [0] and the map [0] — > [n] taking to n. Then 5s = 1b and s6 
is polynomially homotopic to 1. The homotopy is constructed by lifting the simplicial 
homotopy that contracts A" to its last vertex. This simplicial homotopy is given by a 
simplicial map 

Ai X A" A" 



that takes {v : [m] 
composite 



[l],u : [m] 



A" 
[n]) to u 



\m\ 



[n], where u is defined as the 



{u,v) 



> [n] X [1] [n] 



and where w{j, 0) = j and w{j, 1) 
We have a homomorphism 



n. 



h* : B 



A" 



B 



A^xA" 



which is induced by h. Then dg/i* = 1 is polynomially homotopic to dih* = sS. 

If a homomorphism f : A' ^ A is homotopic to g : A' —?■ Ahy means of a homomor- 
phism h : A' ^ A[x] then J(/) is homotopic to J(g). Indeed, consider a commutative 
diagram of algebras 

J A' ^ TA' ^ A' 



j{h) 



T{h) 



J{A[x]) ^ T{A[x]) ^ A 



{JA)[x] ^ iTA)[x] ^ A 



qO;1 



JA- 



TA 



A. 



Then 7 o J(/i) yields the required homotopy between J(/) and J{g)- 
Let A,Be^ and n ^ 0. The Hauptlemma implies that there is a map 

7ro(HomAigind(J"A,B(J^"))) ^ [J"A,S®"] 
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which is consistent with the cohmit maps 

c; : Hom^igi..d(J"A,IB(0")) ^ Hom^jgindC J"+M, 18(17"+^)) 

defined by ^ and a : [J"vl,S®"] ^ [J^+^A, S®"^'] which is defined hke So we get 
a map 

r : JCo{A,B) cohm„[J"A,S®"]. 

Comparison Theorem A. The map T : }Cq{A,B) colim„[J"A, S®"] is an isomor- 
phism. 



Proof. It is obvious that 

1 



7ro(HomAi„ind(J"^,B(r!'^))) ^ [rA,B^"] 



is surjective for each n ^ 0, and hence so is F. Suppose /o, /i : — )• i?®" are 
polynomially homotopic by means of h. By the Hauptlemma there are a homomorphism 
g : A' J^A, which is a fibre product of an /-trivial fibration along h, and hence 
g G 2Hmin) and a homomorphism H : A' ^ B^" such that doH = fog and diH = fig. 
Similar to the proof of Excision Theorem B one can construct a small admissible category 
of algebras JR' such that it contains all algebras {A', J^A, -B*^^™ ^"}m,n we work with and 
such that g is a quasi- isomorphism of 3^'. 

By Theorem 16.111 the induced map of graded abelian groups 

g* : }C,{^'){rA, B) ^ /C*(5J')(^', B) 

is an isomorphism. We have that g* takes /o,/i G /C„(3?')( J"A, i?) to the same ele- 
ment in lCn{^'){A' ,B), and so /o = fi- We see that F is also injective, hence it is an 
isomorphism. □ 

Corollary 7.1. The homotopy groups ofM.{A,B) are computed as follows: 

w M mc^/ colim„[J"A(Q™i?)6"], rn^O 
Km{A,B) - I colim„[J— ^ < 

Proof. This follows from Corollary 14.31 and the preceding theorem. □ 



8. Comparison Theorem B 



In this section 9^ is supposed to be T-closed. Let 211 be a class of weak equivalences 
containing homomorphisms A — > A[t], A £ such that the triple (3^,5^,211) is a Brown 
category. 

Definition. The left derived category of 5ft with respect to (3^, 2B) is the 

category obtained from 5ft by inverting the weak equivalences. 

By [9] the family of weak equivalences in the category Ti^ admits a calculus of right 
fractions. The left derived category Z)~(5ft, 5^, 2H) (possibly "large") is obtained from 
"HK by inverting the weak equivalences. The left derived category D~ (JR.,'S,W) is left 
triangulated (see O [9] for details) with $7 a loop functor on it. 

There is a general method of stabilizing (see Heller [13]) and producing a trian- 
gulated (possibly "large") category Z)(5ft, 3^, 2B) from the left triangulated structure on 
Z?-(5ft,5,2B). 



46 



An object of D{^,^,W) is a pair {A,m) with A £ D-{^,^,W) and m G Z. If 
m,n €Z then we consider the directed set Im,n = {/c € Z | m, n ^ k}. The morphisms 
between {A,m) and {B,n) £ D{^,^,W) are defined by 

D{^, J, 21J) [(A, m),iB, n)] := colimfce,„,„ i?- J, 21J) A) , (B) ) . 

Morphisms of D{^,'S,'W) are composed in the obvious fashion. We define the loop 
automorphism on D{^,'S,W) by il.{A,m) := {A,m — 1). There is a natural functor 
S : Z)-(5ft,5,2B) ^ Z)(5R,5,2B) defined by ^ ^ (^,0). 

D{^,^,W) is an additive category OH]. We define a triangulation Tr 5^, 22J) of 
the pair {D(JR.,'^,W),fl) as follows. A sequence 

n{A,l) {C,n) {B,m) (AJ) 

belongs to 'Tr{^, ^, W) if there is an even integer k and a left triangle of representatives 
n{Q^-^{A)) ^ n''-'^{B) n''-^{A) m D-{^,d,W). Then the functor S 

takes left triangles in D~{^,d,W) to triangles in D{^,^,W). By [8l [9] Tr{%^,W) is 
a triangulation of -D(K, 5^, 2IJ) in the classical sense of Verdier pfi]. 
Let £^ be the class of all ^-extensions of A;-algebras 

(E) : A^ B ^ C. (12) 

Definition. Following Cortiiias-Thom [3j a (^-Jexcisive homology theory on 3? with 
values in a triangulated category [T, 0,) consists of a functor X : — > T, together with 
a collection {S^; : G f } of maps = Oe £ T{^X{C), X{A)). The maps 9^; are to 
satisfy the following requirements. 
(1) For all E £ £ as above, 



.X{A)^X{B)^X{C) 



nx{c) — 

is a distinguished triangle in T. 
(2) If 



{E') 

is a map of extensions, then the following diagram commutes 




nx{c) 
nx{c') 



X{A) 

X{a) 
X{A). 



We say that the functor X : K — )■ T is homotopy invariant if it maps homotopic 
homomomorphisms to equal maps, or equivalently, if for every A € Alg^, X maps the 
inclusion A C j4[t] to an isomorphism. 

Denote by 2IJa the class of homomorphisms / such that X{f) is an isomorphism 
for any excisive, homotopy invariant homology theory X : 3ft — )• T. We shall refer 
to the maps from as stable weak equivalences. The triple (3ft, 5^, 2Ba) is a Brown 



47 



category. In what follows we shall write D~{^,^) and D(JR,^) to denote D~ (JR.,^,W/\) 
and D(JR.,^,W/\) respectively, dropping SHa from notation. 
In this section we prove the following theorem. 

Comparison Theorem B. For any algebras A,B ^ there is an isomorphism of 
Z-graded abelian groups 

functorial both in A and in B. 

The graded isomorphism consists of a zig-zag of isomorphisms each of which is con- 
structed below. 

Corollary 8.1. 5) is a category with small Horn-sets. 

Definition. Let K be a small T-closed admissible category of algebras. A homomor- 
phism A — > i? in K is said to be a stable ^-quasi-isomorphism or just a stable quasi- 
isomorphism if the map Q^A — )■ 0,"^B is a quasi-isomorphism for some n ^ 0. The class 
of quasi-isomorphisms will be denoted by Wqis- By |8j the triple (3?, ^J, SU^js) is a Brown 
category. 

Consider the ind-algebra {B'^" ,Z^q) with each Bf", k G Z^Qj being ker(i?'^'^'' ^" 
^0(sd that is i?®" is the underlying ind-algebra of 0-simplices of IB(0"). We shall 
denote by i?*^" the algebra -B^"- Notice that B^ = UB. There is a sequence of maps 

HomAig,(i?,i?) 4 RomMg,{JB,Bf ) 4 HoniAig, (J'i?, i?f) ^ • • • 

One sets := 

Recall that 2IJmin is the least collection of weak equivalences containing A — > A[x], 
A £ such that the triple (3?, 3^, QUmin) is a Brown category. 

Lemma 8.2. Let ^ be a T-closed admissible category of algebras and i3 € K. Then for 
any d all morphisms of the sequence 

Bf ^Br ^Br 

belong to SHmin- 

Proof. Recall that the simplicial ind-algebra PB^(r2") is indexed over Z^o and defined as 

ker((B^(0"))^ B^(0")). The proof of the Hauptsublemma shows that on the level 
of 0-simplices do is an /-trivial fibration. Its kernel consists of 0-simplices of PM^{^}"') 
and whose underlying sequence of algebras is denoted by 

PBf ^PBf ^PBf" 

For each algebra of the sequence PBf'^ one has (0 — )■ PBf'^) G SUmirn because it is the 
kernel of an /-trivial fibration. 

The assertion is obvious for n = 0. We have a commutative diagram of extensions for 
ah n ^ 1, A: ^ 

^ PBf^-' ^ Bf"-' 



d6" ^ pr6"-i ^ r6"" 
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with the right and the middle arrows belonging to 2Umin by induction, hence so is the 
left one. □ 

Lemma 8.3. Let 5R he a, T-closed admissible category of algebras and B E di. Then 
each Ig'^, n,k ^ 0, belongs to SUmin- 

Proof. We fix k. The identity map 1b = Ig'^ belongs to SHmin- The map l^J^ is the 
classifying map : JB — > Bf , which is in SUmin- Suppose l^ "*^' , n > 1, belongs 



to 2IJ„ 



Then 1 



n,k 
B 



^„J(1^-^'*^), where e« : J{Bf 



respects maps from SHmin, then lo'*^ is in W, 



Bf is in 2IJ„ 



Since J 

□ 



Lemma 8.4. The following conditions are equivalent for a homomorphism f : A B 
in 3%; 

(1) f is a stable quasi-isomorphism; 

(2) J"(/) : J"j4 J^B is a quasi-isomorphism for some n ^ 0; 

(3) for any k ^ there is a n ^ Q such that /®" : Af" — S®" is a quasi- 
isomorphism. 

Proof. (1) <^ (2). Consider a commutative diagram of extensions 

J A ^ TA ^ A 

PA 

nA ^ EA ^ A 



where TA, EA are contractible. It follows that pA is a quasi-isomorphism. It is plainly 
functorial in A. Since J respects quasi-isomorphisms, it follows that there is a commu- 
tative diagram for any n ^ 1 



J'"-A- 
J" if) 
J^'B 



in which the horizontal maps are quasi-isomorphisms. We see that ^^"(/) is a quasi- 
isomorphism if and only if J"'{f) is. 

(2) 4» (3). There is a commutative diagram of extensions for all n ^ 1, A; ^ 



■AT 



AT PAf-' Af-' 

in which the right and the middle arrows are quasi-isomorphisms, hence so is the left 
one. The middle arrow is actually quasi-isomorphic to zero. Since J respects quasi- 
isomorphisms, we get a chain of quasi-isomorphisms 

j-A^j--HAf)-^...^j{Ar-')^Ar, 
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functorial in A. It follows that there is a commutative diagram for any n ^ 1 



J"^ ^ Af 



J" if) 



in which the horizontal maps are quasi-isomorphisms. We see that is a quasi- 
isomorphism if and only if J"(/) is. □ 

Recall that a homomorphism f : A ^ B va. a. T-closed category is a /C-equivalence 
if the induced map /C(C, A) /C(C, B) is a weak equivalence of spaces. 

Proposition 8.5. Let ^ be a small T-closed admissible category of algebras. A ho- 
momorphism t : A ^ B in ^ is a stable quasi-isomorphism if and only if it is a IC- 
equivalence. 

Proof. Suppose t : A ^ B is a, stable quasi-isomorphism. Then Q"'{t) is a quasi- 
isomorphism for some n ^ 0, and hence a /C-equivalence. For any algebra C G 3? the 
induced map 

is a weak equivalence of spaces. By Corollaries 14.31 and 15.21 the map 

is a weak equivalence, hence so is the map 

: )C{C,A) ^}C{C,B). 

Thus t is a /C-equivalence. 

Suppose now t : A B is a /C-equivalence. Then the induced map 

IC{B,A) ^}C{B,B) 

is a homotopy equivalence of spaces. There are k,n^ 0, a map e : J"i? — > ^f", and a 
sequence of maps 

jns A Af ^ Bf 
such that f®"e is simplicially homotopic to . By the Hauptlemma t®"e is polynomi- 
ally homotopic to . By Lemma 18.31 is a quasi-isomorphism. It follows that e is 
a right unit in the category L>~(5R, 5^, QBgjs). For every m ^ one has 

= p o o J-(e) ~ (13) 

where p is a quasi-isomorphism. By Lemma [8.3l 1^+™-^ ig a quasi-isomorphism. It follows 
that J™(e) is a right unit in D-{^,^,Wgis). 

We claim that t®" is a /C-equivalence. By assumption = i is a /C-equivalence. 
Suppose t®" is a /C-equivalence for n ^ 1. There is a commutative diagram of exten- 
sions 



Bf^PBf-'^Bf 
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in which the right and the middle arrows are /C-equivalences by induction, hence so is 
the left one. The middle arrow is actually quasi-isomorphic to zero. 

We see that t^"e is a /C-equivalence. The two out of three property implies e is a 
/C-equi valence. Therefore the induced map 

e, : )C{rA,r'B) ^ JC{r'A,Af) 

is a homotopy equivalence of spaces. Let q = e-i(l^' ) : J"+™^ ^ (J"^)^"; then 
e^'^g is simplicially homotopic to <^'^{1^^). By the Hauptlemma e®'"^ is polynomially 
homotopic to <^™(1^''^). It follows from Lemma [8. 31 that <j'"(l^''^) is a quasi-isomorphism. 
We see that e®™ is a left unit in D~ The proof of Lemma 18.41 shows that 

J"'(e) is quasi-isomorphic to e®™. Thus J™(e) is a left unit in D~ {^,^,Wqis). 

By above J'^(e) is also a right unit in D~ (JR.,^,^qis), and so is an isomorphism 
in D~{^,^,Wqis). Since the canonical functor 3? — >• D~ {^,^,Wqis) has the property 
that a homomorphism of algebras is a quasi-isomorphism if and only if its image in 
D~{^,^,Wqis) is an isomorphism, we see that J"^(e) is a quasi-isomorphism. 

By J'"(t®") is a quasi-isomorphism, because so are p, i^"^'^ and J™(e). Since J 
preserves quasi-isomorphisms, the proof of Lemma EH shows that there is a commutative 
diagram 



in which the horizontal maps are quasi-isomorphisms. We see that J""'"'"(i) is a quasi- 
isomorphism, because so is J™'(i®"). So t is a stable quasi-isomorphism by Lemma 18.41 
as required. □ 

The next result is an improvement of Theorem 16.111 It will also be useful when 
proving Comparison Theorem B. 

Theorem 8.6. Suppose 5ft is an admissible T-closed category of algebras and u : A B 
is a K,- equivalence in Then the induced map 

u* : K{B,D) K{A,D) 

is a weak equivalence of spectra for any D S 5ft. 

Proof. Similar to the proof of Excision Theorem B one can construct a small admissible 
T-closed full subcategory of algebras 3?' such that it contains A,B,D. By assumption 
ti is a /C-equivalence in , hence J^{u) is a quasi-isomorphism of 5ft' for some n ^ by 
the preceding proposition and Lemma |8.4[ 
By Theorem 16.111 the induced map of spectra 

(J"(u))* : K{^'){J''B,D) ^ K{^'){rA,D) 

is a weak equivalence. Corollary 16.121 now implies the claim. □ 

Lemma 8.7. Suppose 5ft is an admissible T-closed category of algebras. Then every 
stable weak equivalence in is a )C- equivalence. 
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Proof. Using Theorem 15.31 for every j4 € the map 

K{A, -) : K ^ Ro{Sp) 

with Ho(5p) the homotopy category of spectra yields an excisive, homotopy invariant 
homology theory. Therefore it takes stable weak equivalence to isomorphisms in Ho(S'p). 

□ 

Given an ind-algebra {B, J) G 3fJ™'^ and j4 € 3?, we set 

D- d) (A, B) = colim^e J (K, ^) {A, Bj ) . 

Using the fact that J respects polynomial homotopy and stable weak equivalences, we 
can extend the map ? : Hom^[gind(A, B®") — )• Hom^jgind(J^, .B®"^ ) to a functor 

a : D-{R,d){A,B'^'') ^ Z)~(K,5)(JA i?®"^')- 
The functor a takes a map 

A' 

A B®" 
in where s G 2Ba, to the map 




JA 

Since J respects weak equivalences and homotopy, it follows that a is well-defined. 

The map F : /Co(^, -B) ^ colim„[J"'A, i?®"] is an isomorphism by Comparison Theo- 
rem A. There is a natural map 

Ti : colim„[J"^,B®"] ^ colim„ L»~(sft,5)(J"A, 5®"). 

Lemma 8.8. Fi is an isomorphism, functorial in A and B. 

Proof. Suppose maps /o,/i : J^A —> B®" are such that ri(/o) = ri(/i). Using the 
Hauptlemma, we may choose n big enough to find a stable weak equivalence t : A' ^ 
J^A such that fot is simplicially homotopic to fit. By Lemma 18.71 1 is a /C-equivalence 
of ^. By Theorem 18.61 the induced map of graded abelian groups 

t* : /C*(JM,B) ^/C*(^',B) 

is an isomorphism. We have that t* takes /o,/i G ICn{J"'A,B) to the same element in 
lCn{A',B), and so /o = /i. We see that Li is injective. 
Consider a map 

A' 

f 




with s € 2ITa • By Lemma 18.71 s is a /C-equivalence of By Theorem 18.61 the induced 
map of abelian groups 

s* ■.lCn{rA,B)^lCn{A',B) 
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□ 



is an isomorphism. Then there are a m ^ 0, a morphism g : J^^"^A ^6"+™ guch that 
<f^{f) is simphcially homotopic to g o J"^(s) : J"^A' ^6"+'"_ gy Hauptlemma 
these are polynomially homotopic. It follows that Ti{g) = fs~^, and so Ti is also 
surjective. 

Lemma 8.9. The natural map 

T2 : colim„Z)-(K,5)(J"A5'^") ^ colim„ Z)-(K, ?)( 5®") 
is an isomorphism, functorial in A and B. 

Proof. It follows from Lemma 18.21 that 

£>- (9?, d)(.J"'A, B^" ) ^ D- (SR, 5) ( S®" ) 
is bijective for all n ^ 0. Therefore r2 is an isomorphism. 
Consider a commutative diagram of algebras 

B^" PB^"-' B^"-' 



□ 



J{B^ 



T{B^-') .i?<5" 



E{B^"~') 



^5" 



The middle arrows are stably weak equivalent to zero and p""^,^""^ are stable weak 
equivalences, functorial in B. Since respects stable weak equivalences, one obtains a 
functorial zig-zag of stable weak equivalences of length 2n 



„c;n £"-1 

B^ ^ 



J{B 



-> VLB 



If 1 



The zig-zag yields an isomorphism (5" : B^" 
Let us define a map 

r3:colim„D-(K,i?)(J"yl,fi^"^ 

by taking 



in L>-(5?,J). 
colim„ D- (5ft, 5) ( J"^, 



A' 




J"A B^" 

to 6^fs^^. We have to verify that is consistent with colimit maps, where a colimit 
map on the right hand side Un : -D-(5}?, 5^)( J"A, ^ D-(3^^,5)(J"+l^, l^^+^S) 

takes 

A' 

f 



rA 



to p^nBJ(/)(J(s))-^ Let : {^,d)(,J''A, B^") ^ Z)-($R,5)(J"+iA ^'^"^') be a 
colimit map on the left. So we have to check that ^sivnifs"^)) = Uni^sifs^^)). 
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The map Un{T3{fs ^)) is a zig-zag 



<^^^ m--'jB m-B ^ n-^'B. 

The map Ts{vn{fs~^)) is a zig-zag 

jn+iA ^ J A' ^ JB^-" n B^"^' ^ JB^" A nB^" ^ 



^ O^B^i ^iJ_ ^njQ O^+lfi. 



We can cancel two ^"-s. One has therefore to check that the zig-zag 



equals the zig-zag 



For this one should use the property that ii g : A ^ B is a homomorphism then there 
is a commutative diagram 



J{A) nA ■ 



EA 



A 



J{9) 



(14) 



EB 



B. 



J{B) nB 

So the desired compatibility with colimit maps determines a map of colimits. 
Lemma 8.10. The map is an isomorphism, functorial in A and B. 
Proof. This follows from the fact that all (5"-s are isomorphisms in D~{^,^). 
Consider a sequence of stable weak equivalences 

A nr^-'A ^ n'r-^A ^ • • • n^A, 



□ 



which is functorial in A. Denote its composition by 7„. 
Let us define a map 

r4 : colim„r>-(K,5)(J"A ^""B) colim„£>-(K,5^)(n"A,J^"S) 

by taking 

A' 

J-^A n^'B 

to fs"^^^^. Wc have to verify that r4 is consistent with colimit maps, where a colimit 
map on the right hand side Wn : -D-(3?, ^ ^-(3?, J^^+^S) 

takes 

A' 

f 



n^'A 
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to Q,{f){Q,{s)) ^. So we have to check that r4(u„(/s ^)) = Wn{T4{fs ^)). 
The map T4{un{fs~^)) equals the zig-zag from Q^^^A to Q'^^^^B 

In turn, the map WniX 4:{f ^~^)) equals the zig-zag from Q.'^'^^A to QJ^^^B 

nn+lj^ ^ ^jn^ % Q2jn-1^ ^ f]3 ^...^ 

The desired compatibility would be checked if we showed that the zig-zag 

nj^'A A ^ J A' ^ m^'B A vl^'+^b (15) 

equals the zig-zag 

OJ"A ^ VLA' % n^'+^B. 
For this we use commutative diagram p4p to show that pj^A o Js = il.s o p^i and 
pn^B ° Jf = ° PA'- We see that (fT5]l equals Qf o pj^, o p^/ o (ris)^""^ = $7/ o (ils)^^ in 
D~{^,^) and the desired compatibility follows. 

Lemma 8.11. The map T/^ is an isomorphism, functorial in A and B. 

Proof. This follows from the fact that all 7„-s are isomorphisms in 1)^(3?, 5^). □ 

Proof of Comparison Theorem B. Using Comparison Theorem A. Lemmas lSTSl 18. 9118.101 
18.111 the isomorphism of abelian groups 

Ko{A,B)^D{^,:S){A,B) 

is defined as r4r3r^^ri. Using Corollarv 17.11 we get that 

Kn>o{A,B)^D{^,:S){A,^r>'^B) 

and 

It remains to observe that D{^, 5)( J-"A, B) ^ L>(K, 5')(A, Vt'^B) for all negative n. □ 

Corollary 8.12. Let K he T-closed. Then the classes of stable weak equivalences and 
fC- equivalences coincide. 

Corollary 8.13. Let 5R' he a full admissible T-closed subcategory of an admissible T- 
closed category of algebras Then the natural functor 

is full and faithful. 

Proof. This follows from Comparison Theorem B. □ 

We want to introduce the class of unstable weak equivalences on 5R. Recall that SUmin 
is the minimal class of weak equivalences containing the homomorphisms A — > A[t], 
A G 5?, such that the triple (3?, SBmin) is a Brown category. We do not know whether 
the canonical functor 5ft — > g^, SlJmm) has the property that / € SUmin if and only 

if its image in /^"(Jft,^^^, SUmin) is an isomorphism. For this reason we give the following 

Definition. Let ^ be T-closed. A homomorphism of algebras f : A ^ B , A, B is 
called an unstable weak equivalence if its image in D~(3fJ, 5^, SUmin) is an isomorphism. 
The class of unstable weak equivalences will be denoted by Wunst- 
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By construction, D (K, 3^, 2Bmin) = ^[SHmin] ^^^'^ 2Bmin ^ SUunsf Using universal 
properties of localization, one obtains that L>-(K,5,2Bmm) = K[2rr-„^,J. We can now 
apply results of the section to prove the following 

Theorem 8.14. Let 3? he T -closed. Then 

2Ua = {/ G Mor(3^) I G Wunst for some n ^ 0}. (16) 

Proof. By minimality of 2Bniin the functor 

K{A, -) : 5? ^ Spectra 

takes the maps from W^am (hence the maps from SHunst) to weak equivalences for all 
A ^. Corollary 18.121 implies the right hand side of ()16p is contained in 2IIa • 

The proof of Proposition [83] can literally be repeated for Wunst to show that for every 
stable weak equivalence / there is n ^ such that f^"(/) is in Wunst- D 

We can now make a table showing similarity of spaces and non-unital algebras. It is 
a sort of a dictionary for both categories. Precisely, one has: 



Spaces Top 


Algebras K 


Fibrations 
Loop spaces QX 
Homotopies X — t- 
Unstable weak equivalences 
Unstable homotopy category 
Stable weak equivalences 
Stable homotopy category of spectra 


Fibrations ^ 

Algebras QA = (x^ - x)A[x] 
Polynomial homotopies A ^ B[x] 
Unstable weak equivalences Wunst 
The category ^-(K, ^, 2H„„,t) 
Stable weak equivalences 2Ba 
The category D{^,d) 



To conclude the section, we should mention that Comparison Theorem B implies 
represent ability of the Hom-set D{R,^){A, B), A,B £ by the spectrum K{A,B). 
By [9] the natural functor j : D(JR.,^) is the universal excisive, homotopy invariant 
homology theory in the sense that any other such a theory A : K — t- T uniquely factors 
through j. 

9. MORITA STABLE AND STABLE BIVARIANT A-THEORIES 

In this section we introduce matrices into the game. We start with preparations. 

If A is an algebra and n ^ m are positive integers, then there is a natural inclusion 
Ln^m '■ MnA — )• M^A of rings, sending MnA into the upper left corner of MmA. We 
write Moo A = UnMnA. Let TA, A G Algj^,, be the algebra of N x N- matrices which 
satisfy the following two properties. 

(i) The set {oij N} is finite. 

(ii) There exists a natural number A G N such that each row and each column has 
at most A nonzero entries. 

Moo A C is an ideal. We put 

= TA/MooA. 

We note that F^, T,A are the cone and suspension rings of A considered by Karoubi and 
Villamayor in [TUJ p. 269], where a different but equivalent definition is given. By [3] 
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there are natural ring isomorphisms 

Tvl ^ r/c O A, llA^llk® A. 
We cah the short exact sequence 

MooA ^TA^T,A 

the cone extension. By [3] TA T,A € S^spi- 

Throughout this section we assume that K is a T-closed admissible category of k- 
algebras with k,MnA,TA € 3?, n ^ 1, for all A € ^. Then M^A,T,A G ^ for any 
A and M^{f) G 5^ for any / G S'. Note that M^A ^ A® M^{k) G ^ for any 
^ G 5ft. It follows from Proposition 12.31 that for any finite simplicial set L, there are 
natural isomorphisms 

M^A ®k^^ {M^A)^ ^A® {M^k)^. 

Given an algebra A, one has a natural homomorphism i : A ^ Moo{k) ®A = AIoo{A) 
and an infinite sequence of maps 

A ^ M^{k) ®A^ M^{k) ®M^{k)®A^ > M^^{k) ®A^--- 

Definition. (1) The stable algebraic Kasparov K -theory of two algebras A, i? G K is the 
space 

1C'\A, B) = colim„ K{A, MooA;®" ® B). 
Its homotopy groups will be denoted by }Cf^{A,B), n ^ 0. 

(2) The Morita stable algebraic Kasparov K -theory of two algebras A, B & ^ is the 
space 

)C""^{A, B) = colim(/C(.4, B) K{A, Mgfc ® B) ^ 1C{A, M^k ®B)^ ■■■). 

Its homotopy groups will be denoted by }C^"^'{A,B), n ^ 0. 

(3) A functor X : 5ft — >■ S/{Spectra) is Moo-invariant (respectively Morita invariant) 
if X{A) — )■ X{MooA) (respectively each X{A) — > X{MnA),n > 0) is a weak equivalence. 

(4) An excisive, homotopy invariant homology theory X : 5ft ^ T is Moo-invariant (re- 
spectively Morita invariant) if X(A) X{MooA) (respectively each X(A) X{MnA), 
n > 0) is an isomorphism. 

Lemma 9.1. The functor }C^^{A, — ) (respectively 1C'^°^{A, —) ) is M^o-invariant (respec- 
tively Morita invariant) for all ^ G 5ft. 

Proof. Straightforward. □ 
Theorem 9.2 (Excision). For any algebra A G 5ft and any ^-extension in 5ft 

F ^B 

the induced sequences of spaces 

JC*iA, F) JC*{A, B) 1C{A, C) 

and 

1C{C, A) 1C{B, A) JC-iF, A) 
are homotopy fibre sequences, where -k G {st,mor}. 

Proof. This follows from Excision Theorems A, B and some elementary properties of 
simplicial sets. □ 
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Definition. (1) Given two A;-algebras A,B & ^ and -k E {st,mor}, the sequence of 
spaces 

1C*{A, B),1C{JA, B),IC*{J^A, B),... 
together with isomorphisms }C*{J^A,B) = QIC* {J^~^^ A, B) constructed in Theorem l5.ll 
forms an fi-spectrum which we also denote by W'^AjB). Its homotopy groups will be 
denoted by K'^{A,B), n € Z. Observe that W^{A, B) ^ }C^{A, B) for any n ^ and 
K^{A, B) ^ /C^i J-"A, B) for any n < 0. 

(2) The stable algebraic Kasparov K-theory spectrum of {A, B) (respectively Morita 
stable algebraic Kasparov K-theory spectrum) is the J7-spectrum W^^{A,B) (respectively 
^^"•'{A^B)). 

Theorem 9.3. Let-k G {st,mor}. The assignment B ^ W'{A^B) determines a functor 

K.''{A,1) : ^ ^ (Spectra) 

which is homotopy invariant and excisive in the sense that for every ^-extension F 
B ^ C the sequence 

K*{A, F) K'iA, B) ^\A, C) 

is a homotopy fibration of spectra. In particular, there is a long exact sequence of abelian 
groups 

• • • ^ IK*_,i(^, C) ^ KUA, F) ^ KtiA, B) ^ ]K*(A, C) ^ ■ ■ ■ 
for any i G Z. 

Proof. This follows from Theorem 19.21 □ 

We also have the following 

Theorem 9.4. Let ★ G {st, mar}. The assignment B ^ IfC*(i?, D) determines a functor 

K*{?,D) : 5R°P ^ (Spectra), 

which is excisive in the sense that for every ^-extension F ^ B C the sequence 

K*{C, D) K'iB, D) K*{F, D) 

is a homotopy fibration of spectra. In particular, there is a long exact sequence of abelian 
groups 

• • • ^ K*+i(F, D) ^ KUC, D) ^ K^B, D) ^ K^F, D) ^ ■ ■ ■ 
for any i G Z. 

Proof. This follows from Theorem 19.21 □ 

Definition. (1) The stable (respectively Morita stable) algebraic ii'-theory of an algebra 
j4 G 3fJ is the spectrum 

k"*(^) =K'\k,A). 

(respectively k'^'^{A) = K"^"^ [k, A)). Its homotopy groups are denoted by k^*(A) (re- 
spectively k'^°''{A)), n G Z. 

(2) The stable (respectively Morita stable) algebraic iT-cohomology of an algebra 
j4 G 3fJ is the spectrum 

kstiA)=K'\A,k) 

(respectively kmoriA) = K"^'^ {A, k)). Its homotopy groups are denoted by Ik"j(^) (re- 
spectively Ik^o^(A)), n G Z. 
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Theorem 9.5. Let -k G {st,mor} . Then: 

(1) The assignment A i— > k*(j4) determines a functor 

k-'i?) : (Spectra) 

which is homotopy invariant and excisive in the sense that for every '^-extension F 
B ^ C the sequence 

Ik*(F) ^ k%B) k*{C) 
is a homotopy fibration of spectra. In particular, there is a long exact sequence of ahelian 
groups 

• • • ^ K+i{c) ^ K{F) ^ K{B) ^ K{C) ^ • • • 

for any i E Z. 

(2) The assignment A i— > lk^(j4) determines a contravariant functor 

: (Spectra) 

which is homotopy invariant and excisive in the sense that for every ^-extension F 
B ^ C the sequence 

K{C) ^ K{B) ^ K{F) 
is a homotopy fibration of spectra. In particular, there is a long exact sequence of ahelian 
groups 

• • • ^ w+Hf) ^ K{C) ^ K{B) ^ K{F) ^ • • • 

for any i E Z. 

Proof. This follows from Theorems 19.31 and 19.41 □ 
Theorem 9.6 (Comparison). There are natural isomorphisms 

^\A, B) ^ colim„,„[JM, Moo(A;)^™ B^"] 

and 

ICr'iA, B) ^ colim^,„[JM, Mmik) ® 5®"], 
functorial in A and B. 

Proof. This follows from Comparison Theorem A. □ 

CoroUary 9.7. (1) The homotopy groups ofW^^{A,B) are computed as follows: 

^st(, colim„,„[J"A(OWoo(fcr"^C5i?)®1, i^O 

^ ^ ' ^ ~ \ colim„,„[J-^+"A,Moo(A:)^™ (g) B^\ i < 

(2) The homotopy groups ofW^°^{A,B) are computed as follows: 

/ colim^,„[J"^,(r?'M^(B))®"], i^O 
' ^ ' ' ~ I colim„,„[J-^+M,M„(i?)6"], i < 

Proof. This follows from Corollary 14.31 and the preceding theorem. □ 

We denote by D'^iJR.,^) the category whose objects are those of 3? and whose maps 
between A,Bg^ are defined as 

colim„ D-{^,d) {A, Moo (A:)®"(5) ) . 

Similarly, denote by the category whose objects are those of 3? and whose 

maps between A,B € ^ are defined as 

colimnD-{?ft,d){A,MniB)). 
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It follows from [9] that D~^{yi,^) and 15~o^(5R, 5) are naturally left triangulated. Similar 
to the definition of D(JR., ^) we can stabilize the loop endofunctor 17 to get new categories 
Dmori^,^) and Dst{^,d) which are in fact triangulated. 

Theorem 9.8 ([9j). The functor ^ Dst{^,d) (respectively K Dmor(.'Si,d)) is the 
universal ^-excisive, homotopy invariant, Moo-invariant (respectively Morita invariant) 
homology theory on 3?. 

The next result says that the Hom-sets Dst{^,d){A, B) {Dmor{^,^){A,B)), A,B £?fi, 
can be represented as homotopy groups of spectra K.'^*(Jfi,'^){A, B) {W^'^(A,B)). 

Theorem 9.9 (Comparison). Let -k G {st,mor}. Then for any algebras A,B there 
is an isomorphism of Tj- graded abelian groups 

KtiA,B) ^ D,{^,dUA,B) = ^D,{^,d){A,n^B), 
functorial both in A and in B. 

Proof. This follows from Comparison Theorem B. □ 

Theorem 9.10 (Cortihas-Thom). There is a natural isomorphism of Z- graded abelian 
groups 

Dst{^,d)*{k,A)^KH,{A), 
where KH^{A) is the "L-graded abelian group consisting of the homotopy K-theory groups 
in the sense of Weibel [28j. 

Proof. See [9J. □ 

We end up the paper by proving the main computational result of this section. 

Theorem 9.11. For any j4 G K there is a natural isomorphism of "L- graded abelian 
groups 

K\A) ^ KH^A). 

Proof. This follows from Theorems 19.91 and I9.10[ □ 

The preceding theorem is an analog of the same result of KK-theory saying that 
there is a natural isomorphism KK^:{C, A) = K(A) for any C*-algebra A. 
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